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Abstract: This paper study the problem of wealth optimization when
jump-diffusion asset price model being driven by a count process that more
general than Poisson process. It is found unique equivalent martingale mea-
sure, we employ the conventional stochastic analysis methods. It is proved
that the existence of an optimal portfolio and consumption process. The
optimal wealth process, the value function, the optimal portfolio and con-
sumption process are given.
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1. INTRODUCTION

The wealth optimization problem is always one of the kernel problems on financial
mathematics. The domestic and foreign scholars have done a great deal of researches
on the wealth optimization problem and obtained many results which is instructive
to financial practice. We consider the problem of maximization of expected utility
form consumption only, and the antithetical problem of maximization of expected
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utility form terminal wealth only. When markets are complete, the existence of
optimal strategies can be found Merton [1], Jeanblanc and Pontier [2]. Follmer and
Leukert [3] discussed semi-martingale model, Pham [4] discussed continuous markets
model, Nakano [5]discussed jump-diffusion mode. In this paper, we consider an
economic agent whose behavior facing the risk is determined by a utility function
Ui(z), Us(x). He invests his wealth in the two assets and wants to maximize the
expected utility of wealth at time T. We define the wealth optimization problem:

V(t,z) = sup E
TEA(t, )

U1 ))ds + Ua(X®™(T)) | X®7 () =
t

where X7 (t) is the wealth process and A is the set of admissible portfolios when
the wealth equals to z at the time ¢. ¢(t) is consumption process.

Our work extends those studies and analyses the wealth optimization problem
when markets is incomplete and driven by discontinuous prices. We consider that
price of underlying asset price obeys jump-diffusion process, because the generalized
jump process conforms to the actual situation of stock price movement. This paper
discusses jump-diffusion asset price model being driven by a count process [6] that
more general than Poisson process.

2. ASSUMPTIONS AND MODELS

Let (Q, F, PvF(t)ogth) be a probability space. The market is built with a bond
B(t) and a risky asset S(t). We suppose that B(t) is the solution of the equation

dB(t) = B(t)r(t)dt B(0) =1 (1)

and S(t) satisfy the stochastic differential equation.

k
dS(t) = S(t—) (b(t)dt+o( AW () + > pilt dM()) (2)

i=1

where risk-free interest rate r(t) and volatility o(t), {W(t),0 < t < T} be a s-
tandard Wiener process given on a probability space (,F, P). M;(t) = N;(t) —
fo s)ds, T >t > 0 is the compensated martingale of nonexplosive counting pro-
cess {N( )70 <t < T} with intensity parameter \;(t). We assume that the fil-
tration (F;,0 < ¢t < T) is generated by the {W(¢),0 < ¢t < T} and martingale
{M;(t),0<t<T}.

We assume that the pair (C(t), 7 (t)) is self financing. We consider an economic
agent with initial wealth z, then the investor’s wealth process X*™(t) satisfy

dXT7(8) = [r(£) X7 (£) — C(t)) dt

k
+7(t) ((b(t) — (b)) dt + o ()dW () + Y @i(t)dM;(t ))

=1

Assumption 1 Function )\ (t), r(t), b(t), o(t), ¢i(t) are bounded that satisfy:

Ai(t) >0, r(t) 20, pi(t) > —1, pi(t) # 0.
Assumption 2 Utility functlon Ui(x), Us(x) is non decreasing, strictly concave.
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Assumption 2 imply that Uj(-), US(-) admits an inverse Iy (-), I2(), V2
mits an inverse X(¢, ).

Lemma 1 For all P* in P, there exist predictable processes 601 (t), 02;(t) (i =
1,..., k) satisfy

(t,-) ad-

k

b(t) — r(t) + o(t)01(t) + Y Ni(t)pi(t)02(t) = 0 (3)

i=1

dP*
Proof. Since P* in P, then I |F; = L(¢) is the P martingale, applying martingale
representation theorem, there exists 01 (¢), 02,(¢) (i = 1,..., k) such that

k
dL(t) = L(t-) (ems)dW(s) Y [e2i<s>dMi<s>]>

i=1
thus
e [ oo - [ o}
k t t
X H {GXP {/ In(1 + 62:(s))dN;(s) — )\i(s)ezi(s)dsﬂ
=1 0 0
and under the martingale measure P*, W*(t) fo o1(s)ds is a a standard

Wiener process,

M (t) = Ni(t) — /O Xi(8)(1 + 0o (5))ds
S(t)

are P* martingale. Let S(t) = BO) then

dS(t) =S(t—) ((b(t) — r(t))dt + o ()W (t) + o (£)6: (t)dt

k

+ ) i ()M (£) + i ()i (1024 (t)dt))

=5(t=)((b(t) —r(t) +Z>\ ()02i(t))dt

k
o(B)AW™ () + Y i(t)dM; (1))

i=1
Since S(t) is a P* martingale, then
k

b(t) = r(t) + o ()01 (t) + Y Ni(t)pi(t)02i(t) = 0

=1
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3. MAIN RESULTS

Proposition 1 There exists unique 9;(i = 1,2,--- , k) such that

k /
X(t,(1+92i)Vx’)—x:%(r—b—Z( ZW%J) “///, (i=1,2,---,k) (4)

i=1

Proof. Let

/L 1 1 V’I/'
—Z+Z>"%_Z SDV (t x+w(r—b—z)v};>

=1

assumption 2 implies that V/(¢,2) > 0,V (¢t,z) < 0, then

P Pi V/
_1+Z 2V”VN< —|—U2(7‘—b—z)vn>>0

So, we can assert that F'(z) is strictly non decreasing. By differential mean value
theorem, there exists & such that

Pi V/ Pi V
v/ <t v+ (r—b)V”> ~Vilh) = Gl = b Vi (6 €)

We reduce
V/

Aipi Pi z
ZAZ% —Z ~Vy (t,a:+ (Tz(r—b)vﬂ>

i=1 CE T

= - Z Az@z — )V” VH (t, &)

F(0)F(r —b) ZAM r—b) V/,V”(t,fi)<0

By using F(z) is strictly non decreasmg, we have F'(z) exists unique zero point
zo € R.

i Vi k
Let 05, +1 = WV/ <t,x—|— %(r —b— z)fj), so F(z) = z — > Aijpiba; has
o Vrm =1

unique zero point zp = Z Aipifa;, there exists unique 09;(i = 1,2, ..., k) such that
i=1

i Ve
921 +1= WV/ t T + (7" —b— Z 1%921)) V,/

1=1

i k Vi
then X (t, (14 09)V)) —x = % <r -b— ; (Aﬂpﬂgﬁ) v (i =1,2,--- k) has

unique solution.

1 b dpP* ,
Let 01(t) = —— |r(t) = b(t) — > Ni(t)pi(t)02:(t)|, == = L(T') define a unique
o(t) i=1 dpP

equivalent martingale measure P*.

O
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Proposition 2 We assume that utility function U;(z), Us(z) satisfies a poly-
nomial growth condition (3C' > 0,p € N, Vo € R, |U;(z)] < C(1 + |z|")), then

k
—b= X Awilai g1, e (g))
p= YT, X5 (s) (5)

Proof. H-J-B equation is

1
Vt+sup{[m’c+7r bfZ)\Zgal V. + 7702‘/”

=1

k
+ Y NVt o+ ) — V]} +Ui(e) =

the boundary condition is V(T,z) = Uz(x), then V(T x) satisfies a polynomial
growth condition, we have c(t) = I, (V/(¢,z)) and (b — Z Xipi — )V + mo? VI +
i=1

Z)\lgoz Tt x4+ mp;) =0, so

V,
(r —b—mo? m) + Z)‘l%

k
Aipi ©i Vi Vi
—Z 7 474 (t,x+02(r—b—(r—b—7r02 V’))V” =0

=1 x T

x

By Proposition 1, Equation (6) has unique solution

k
—bm 2 il gy
o2 V! (t,x)

T (t) =
At time s > t, wealth is X®7 (s), so

r—b— Z )‘1902922 V/( Xa:ﬂ' (S))

(s = VLX)

Let

Y &9 (5) =yexp {— /tsr(u)du + /t 01 (u)dW (u) — ;/t af(u)du}

x f[ |:exp {[ (1 + Oos ()N (1) — [ )\i(u)egi(u)duH

i=1
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B(t)L
We have Y 8% (5) = yY (1) (5) = yBEs))L((i; is a P martingale. Let
T s s
V(t,y) = E* / e Jirdu (YO (5))ds + e S T I (v (B9)(T))
t
Therefore

T
/ e~ Jirwdup (y () (g))ds + ¢ I T, (y B (7)) |F,
t

}

/ e~ e r@du Ly [ (YO (8))ds + e~ I @ L) L, (Y &9 (1)) |F,
t

}

The wealth process of an agent handled with a portfolio 7*(s) and a consumption
C*(s), this process satisfies

Y(t,y) =E* {E*

L(T)
L(t)

}

T
/ Y9 () (YY) (s))ds + Y (T) LY E9(T)) |F,
t

X ()B(t) | [* ¢ (w)B(t)
B(s) fl Bl o
s 7'1'* u k s 71'* U;
_ x+/t ;25” w)dW* (u Z/ f)(t) (W) dM;* (u)

Xz t
We have from equation (7) that B(s) + B(u)( )du is a P* martin-

gale, as well as “Bayes’s rule”, we get

X5 (@B [T e (w)B) L)
5 | gt | “h | | g P
X=™(T)B(t) T e*(uw)B(t) | L(T)
= El 7 Bm *1‘ Bl ™| T "

That isE[Xfwr (Y EO(T) + [T e (u)y D (u )duuFf] -

Since
= y(t7y_1(t7 CU))

=F /T YD ()L (Y (t,2)Y D (s)ds + Y EN(T) LY (8, 2)Y “D(T)) IFt]

We have
X5T(T) = LY (t, 2)Y “D(T),

¢ (u) = Lt 2)Y OV (),
13
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' (t) = L(V;(t,2),
y®ED (1) =1
and ¢*(u) = I, (Y~ (t,2)Y &) (u))
implies V/(t,z) = Y~!(t,x). So

k
—b— )\z iei _ zo*
L T p el gy yen ()
T (s) =

@ VLX)

O

Proposition 3 Let G(t,y) = E {ftT Ur (Ii(yY &V (s))) ds + Uy (Iz(yy(t’l)(T)))] )

then the optimal wealth and the value function satisfy

1

T
X& (s) = Y(T)(S)E X (7)Y (T + / c*(u)Y(t’l)(u)dMFsl

V(t,z) = G(t, Y (t,x))

Proof. Since du is a P* martingale, we obtain

du = E*

X=7 (s)B(t) /5 c*(u)B(t)
+

X*m(T)B(t) (T *(u)B(?)
B(s) * /

B(T) Blay “FS}

X*7" () B(1)

B(s) E

X®7(T)B(t) T e*(u)B(t)
B(T) + /t du |F

xo™ (T)BUOLT) | (T e (u)B(t)L(u .
:E[ st T TEmrm - dulFs } - /S c*(u)B(t)
L(T) t

_L®)
- L(s)

X®m(T)B(t) L(T)
B(T)L(t)

L(t)
+ I

. /T c*(u)B(t)L(u)

B(u)L(t)

du IB‘S]

That is

1

X0 (s) = Y (&1 (s)

T
BT @O+ [ ey D 'FS]

Let G(t,y) = & [ftT Uy (I(yY 1 (s)))ds + Uy (IQ(yY(t’l)(T)))}, Proposition 2
implies that

X2 (T) = 1 (Y7 (1, 2)Y (7))

c(u)y=1 (y_l(t7x)Y(t’1)(u))
14
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We have

T
/t UL (C*(s))ds 4+ U (X®™ (T)) ’X“T* (t) = x]

:EL[ﬂdhwﬁmmwmwm@+U%bw*@mwMMw)

=G (Y (1))

Proposition 4 Assume Uy (z) = Uz(z) = logz, 0 < z < co. The value function,
the optimal wealth process and the optimal portfolio satisfy

(T — s+ 1) B(s)L(t)

Xzﬂr* _
)= 741 BOLG)
T
Vit2) = (T ~t+D)log g — F / log YD (s)ds + log Y+ (T)
- t

Proof. Because of Uy(z) = Uz(x) =logz, 0 < z < oo in this case, I1(y) = I2(y) =

1 T—t+1 T—t+1
= V(ty) = ——— and Y '(t,a) = ——— G(t,y) = (t =T — 1)logy —
y Y x

E [ftT log YtV (s)ds + log YV (T) |, then the consumption and optimal terminal

wealth are given respectively by

The investor’s wealth process

Xom () = — - | xet )y e " YD (4)du |F
) = Fm @Y O@)+ [ @y i,
z(T —s+1) B(s)L(t)
T —t+1 B(t)L(s)

15




Maximization of Wealth in a Jump-Diffusion Model

The value function satisfies

V(t,z) = G, Y (t, )

T
x
=(T—t+1)log——— —E[[ logY*V(s)ds +logY (T
(T =+ 1)log 7= = B [ log Y (5)ds +10g Y (T
k
r—b— )\1%0% _ Tt
I > L Gl (P <)
0-2 yflml(s,Xz,ﬂ'*(s))
k
(b =71+ > Nigibh)
i=1 *
= = X7 (s)

P
Proposition 5 Assume utility function is Uy (x) = Us(z) = —, 0 < 2 < 00,0 <

p < 1. The value function, the optimal wealth process and the optimal portfolio
satisfy

z,m" z
X507 (s) = —S)E

T _P
Yt 1)Y & [y D ()7 + / v D ()7 du |F,

xP
Vit,z) = ZV(, P

k
(b —7r+ Z; /\1301921) er* (S)

o2 1—-p

P
Proof. Ui(z) =Us(z) = —, 0 <z < 00,0<p<1, we have
p

Li(y) = L(y) = y77,

/T Y(t,y)(s)[1 (y(t,y)(s)) ds + Y(t,y)(T)IQ (Y(tyy) (T)) |]Ft]

t

1
ty) = -E
Y(t,y) "

/T YED ()L (YD (s))ds + Y (T) LY ED(T)) |Ft1
=YYt 1),

Vit,x) = (yél)yl,

[ (e s + 0 (00 1)

t

G(t,y) =F

1 »
:7yp_1y tvl )
’ (t,1)
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then the consumption and optimal terminal wealth are given respectively by

) = 1 (Y7 Y W) = S W]

XOT(T) = Iy (y_l(t,x)Y(t’l)(T)> =

The wealth process

X*"(s) = ————F

1

T
X“%ﬂYWNﬂ+/)aWWwWwMF4

S

YED(s)

S — {W»”(T)}ﬁ +/T {Y(t’l)(u)}ﬁdu |F51

(6 )Y @0 ()

The value function satisfy

V@@=G@y”@wﬁ=%ywﬂ“p

k k
r—=b— > Nipitai (b—7+ > Xipibhi)
i=1 i=1

Y YU X (s) X7 (5
o2 Y-L,/(s, X%7(s)) o2 1-p
O
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