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Abstract: In this paper, we consider certain nonlinear partial difference
equations

u
aAm+1,n + bAm,n+1 - CAm,n + Zpi(mv n)AWL—Ui,"—Ti =0
i=1
where a, b, c € (0,00), u is a positive integer, p;(m,n), (i =0,1,2,---u) are
positive real sequences. o;,7; € No = {1,2,---}, i = 1,2,--- ,u. A new
comparison theorem for oscillation of the above equation is obtained.
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1. INTRODUCTION

In this paper we consider nonlinear partial difference equation

aAm+1,n + bAm,n+1 - CAm,n + Zpi(ma n)Am—ai,n—n =0 (1'1)

=1

where a, b, ¢ € (0,00), u is a positive integer, p;(m,n), (i =0,1,2,---u) are positive
real sequences. 0;,7; € No = {1,2,---}, i =1,2,--- ,u. The purpose of this paper
is to obtain a new comparison theorem for oscillation of all solutions of (1.1).
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2. MAIN RESULTS

To prove our main result, we need several preparatory results.
Lemma 2.1. Assume that {A4,, ,} is a positive solution of (1.1). Then

i: Am+1,n S elAm,n; Am,n—i—l S 92Am,na (21)
and
ii: Am*ffi’n*‘rz‘ Z efo_giego_nAm*Uo’ﬂ*ﬂw (22)
here 6 = —, 0 = - in {o) in {r:}
wnere = — = —, Op = IMiN 0; To = IMIN \T; .
1 a7 2 b, 0 1<i<u ify 10 1<i<u i

Proof. Assume that {4, ,} is eventually positive solutions of (1.1). From (1.1), we
have

u
aAm«kLn + bAm,n+1 - CAm;rL = - sz(ma n)Amfai,nf‘ri <0,
1=1
and so
aAm+1,n + bAm,n+1 < CAm,n~

Hence Ayt1,n < 0140, and Ay, g1 < 024, . From the above inequality, we
can find

o o T
Am,n < 010Am—ao,n < 611Am—a7‘,,na Am—oo,n < 020Am—00,n—‘roa

and
Am—oin <0 Am—o,m—r < 03 Ap—oin—m,-
Hence
A < 07°05° Aoy n—ry < 0705 Apr— o n—ri-
The proof of Lemma 2.1 is completed. O

Lemma 2.2. [1] If 2,y € RT and x # y, then

r—l(

re” N e —y) >a" —y" >ry" Hx—y), for r> 1.

Theorem 2.1. If the difference inequality

aAm+l,n + bAm,n+l - CAm,n + Z 01‘07gi9;077—ipi(m3 n)Am—Uo,n—Tg <0 (23)

i=1
has no eventually positive solutions, then every solution of equation (1.1) oscillates.

Proof. Assume that {A,,,} a is positive solution of equation (1.1). Then, by (1.1)
and Lemma 2.2, we obtain

u
afAm—i-l,n + bAm,n—i—l - CAm,n + sz(m; n)Am—Ui,n—‘ri < 0 (24)
i=1
Substituting (2.2) into (2.4), we have
u
aAmiin + bAm,n-H - CAmm + Z ggo—mego—npi(m’ ”)Am—ao,n—m <0.
i=1
This contradiction completes the proof. O
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Define a set E by
E ={\>0|c — AQm.n > 0,eventually}

u
where Q= > 07°702° Tip;(m,n).

i=1
Theorem 2.2. Assume that
(i) lm supQmn >0;
m,n— oo

(ii) there exists M > mg, N > ng such that if o9 > 79 > 0,
1

g0—T0 To oo — To a b 7o B
sup A H H(C—)\Qm,i,j’n,i) < @—FHT e,

NeE,M>m,N>n io1 el

and if 79 > og > 0,

To—00 00 To — 00 a b oo
sup A H H(c—AQm,i’n,i,J—) < 9—2—1— o g3,

AEE,M>m,N>n J=1 =1

(2.6)
Then every solution of (1.1) oscillates.

Proof. Suppose, to the contrary, A, is an eventually positive solution. We define
a subset S of the positive numbers as follows:

S(A) ={A>0ladns1n +bAn ni1 — [c = AQmn]Amn <0, eventually}.
From (2.3) and Lemma 2.1, we have
aAm+1,n + bAm,n+1 - (C - afgoegTon,n)Am,n S 07

which implies 6, 7°0,™ € S(A). Hence, S(A\) is nonempty. For A € S, we have
eventually that ¢ — AQy,,, > 0, which implies that S C E, Due to condition (i), the
set E is bounded, and hence, S()) is bounded. Let u € S. Then from Lemma 2.1,

we have
a b
g + E A7rn+1,n+1

If g > 10 > 0, then

a b\ {5
A <|—+4+ = — i) A _
m,n > (02 + 01) H(c uQm in z) m—To,n—T0>

IN

aAm+1,n + bAm,n+1

< (C - uQm,n)Am,n~

i=1
and for j =1,2,--- 09 — 79, we have
—70
a b 70
Amfj,n S —+ — H (C - umeifj,nfi)Amf‘rofj,nfm
92 01 =1
oo—T0—]J a b o o
S 910 R + H (C - umeifj,nfi)Amfa'o,nffro'
02 01 1=1
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Now, from Lemma 2.1 and (2.7), it follows that

a b —T70(00—"70) (00— )2 oo—To To B
AT < <02 + 91> 670" H H(c— UQm—i—jm—i) | Ay go o>

j=1 i=1
ie.,
Am,n <
1
—70(00—"70) o0 — T
a b (o= )2 g0—To To 0 0
=+ - 01 o H H (C - uQm—i—j n—i) Am,—cro n—7o-*
O 0 j=1 i=1 ’ ’
(2.8)
Similarly, if 79 > o¢ > 0, then
Am,n <
1
a b oolrmen) 2 | To=00 To To — 0o
=+ - 9%"’0—00) H H (C - umei,nfifj) AWL70'0,7177'0 .
0y 04 j=1 i=1
(2.9)
Substituting (2.8) and (2.9) into (2.3), we get respectively, for og > 79,
aAm+1,n + bAm,n+1 - CAm,n
1
To _
a b o T To — 0o
+Qm,n (62 + 01> 910 © H H (C - U/meifj,nfi) Am,n S O,
j=1 =1
and for 5 > oy,
aAm+17n + bAm,n+1 - CAm,n
1
oo _
a b o To—00 00 oo — 70
+Qm,n <02 + 91> 920 © H H (C - ’U/mei,nfifj) Am,n S O
j=1 =1
Hence, for o¢ > 79,
To
a b _
aAm+l n + bAm n+1l — {C - Qm n —+ — 01—0 70
’ ’ T\l 0
. (2.10)
x sup [T T2 (e = 4Qumoiosn-i)| 0 = 90 } Ay <0,
m>Mn>N
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and for 1y > oy,

a b " g0 — T
aAmirn + bAmn1 — {C = Qmn @+ — 05°77°

01

] (2.11)

x sup T T2 e~ u@moinmig)] 70~ 70 } v 0.

From (2.10) and (2.11), we get

b 70 1

a —T T _
(608) o o [T ]
for og > 70,
(2.12)

and

a b\ .

<‘92+ 91) 6" >§\}Ilp>N HJT'OZEUO ;'21 (c—uQm—in—i—j)| 70 ~T0 | €8

for 9 > og.
(2.13)

On the other hand, (2.5) implies that there exists a1 € (0,1) (we can choose the
same) such that for o9 > 79

1

g0—T0 To g — 70 a b o
sup A H H(C_Ameifj,nfi) <a 9*24-@ 07°7°°,

AeE,m>Mn>N J=1 =1

(2.14)
and (2.6) implies that there exists a; € (0,1) (we can choose the same) such that
for 79 > 09 > 0,

1

To—00 00 To — 00 a b 7o
sup A | [T [l 2Qnoin-icy) Sar{gtg] 67
ANeE,M>m,N>n j=1 i=1 2 1

(2.15)
In particular, (2.14) and (2.15) lead to (when A = u), respectively,

1

a b = _ 00—To To T0 — 00 U
(9 + 9) o700 sup IT II(e— UQm—i—j,n—z‘)} > —
2 1

AeEm>Mn>N | j=1 i=1 ay

for og > 70,
(2.16)
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and

1

)
a b _ To—00 00 go — 7o U
<9+> o s T (e u@unsicy) =
2

th ANEE,M>m,N>n | j=1 i= a

for 19 > og.
(2.17)
Since u € S and u' < u implies that v’ € S, it follows from (2.12) and (2.16) for

U
o0 > To, (2.13) and (2.17) for 79 > o9 that — € S. Repeating the above arguments
ai

(0,1). Continuing in this way,

a1a9
u
we obtain —s—— € S, where a; € (0,1). This contradicts the boundedness of S.
i=1 %
The proof is complete. O

Corollary 2.1. In addition to (i) of Theorem 2.1, assume that for g > 79 > 0,
00—To To 7-0+17_8—0 b —To
. . g0 —To
M T Z ZQ’" =gt 2 T Ty 02 o)

and for 79 > o¢ > 0,

To—00 00 o0+1 500 b —00
lim inf E E Q > 0 _¢ % gTo =0
m— Z n—i— .
m,n— 00 7'0 — 00 J (J + )‘70+1 92 9 2

Then every solution of (1.1) oscillates.

P7()0’. V\(e note tha,t
T +1T
° 00

¢
AMe—de)o=—_STo
51;1?;{0 (¢ =he) e(ro + 1)7o+!

We shall use this for

go—T70 70

€= ZZszgnz

00 — 7-O
Clearly,
0o—To To L
[Tc=2Qm-ijn-))7o™
j=1 i=1
1 0o—To To
S >\ ZZCiAQmi‘gn z)]o
00 — 7—0
Jj=1 =1
00—To To
<

)\[C— 0'0—7'0 ZZlejnl]o

j=1 =1
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CTO+17.(;'0
e(ro + 1)7o+1
a b
_ _ 70070*0’0.
< (92 + 91) 1
Similarly, we have
1
To—00 00 To — 00 a b 70
A —AQmn—in—i—i < |+ = 05070,
jE[l 71;[1 (C Q s ]) <92 + 01> 2

By Theorem 2.1, every solutions of (1.1) oscillates. The proof is complete. [

By a similar argument, we have the following results:
Corollary 2.2. If the condition of Theorem 2.2 holds, and

oot ggo a b\ "
li inf Qun=¢>———| -+ — )
m,%rgoo m Q ’ q (0-0 + 1)00+1 0 + 0,

then every solution of (1.1) oscillates.
Theorem 2.3. Assume that

(i) lim supQmn > 0;
m,n— oo

(ii) for og, 70 > 0,

lim inf Q. =¢q>0, (2.20)
m,n— oo
and ) )
afi +b
Hm  Qup > 00 — ———24>0. (2.21)
m,n— 00 c

Then every solution of (1.1) oscillates.

Proof. Suppose, to the contrary, A,, , is an eventually positive solution. From (2.3)
and (2.20), for any € > 0, we have @, , > g — € for m > M,n > N. From (2.3),
Lemma 2.1 and above inequality, we obtain

(g—¢) (=€) 1—oe -
Am,n Z c Am—ag,n—m 2 0% 000% TOAm—l,n—la

c

(g —¢)

c

A > (q—e)
m,n c

017700, " App—1,n, and Ay, > 077005 ™ Ay 1.
Substituting above inequalities into (2.3), we get

ahi =700, + be; 700, ™

(q - 6) —c+ Qm,nefme;m Am,n <0,

c
which implies
ab, + b
lim Q< 7005 — ———2¢ >0
m,n—o00 I
This contradicts (2.21). The proof is complete. O
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Theorem 2.4. Assume that

(1) hlll Sup Qm,n > 0;
(ii) 0p = 170 = 0, and
lm sup Qm.n > c. (2.22).

m,n— oo

Then every solution of (1.1) oscillates.

Proof. Let w € S. Then from (2.3) and Lemma 2.1, we have —¢c + Q. nAm.n <0,
which implies lim sup @, < c. This contradicts (2.22). The proof is complete.

m,n— 00

O
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