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Time-optimal Control of Petrowsky Systems with
Infinitely Many Variables and Control-state Constraints

Hussein El-Saify!
Mohammed Shehatal*

Abstract: In this paper, the time-optimal control problem for n X n differential systems of
Petrowsky type with infinitely many variables and control-state constraints are considered. For
some different cases of the observation, the necessary optimality conditions of optimal control
are obtained by using the generalized Dubovitskii-Milyutin Theorem (Theorem 1.8.1, [1]).
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1. INTRODUCTION

The most widely studies of the problems in the mathematical theory of control are the “time optimal” control
problems. The simple version, is the following optimization problem:

find (u,y) € C([0,00); U X Y) :
0 <t — min
M(f) € Uad
y(t) € Yad'
where Uy, Y, are spaces of admissible control and states respectively.

In order to explain the results we have in mind, it is convenient to consider the abstract form of the
Dubovitskii-Milyutin theorem.

Let X be Banach space, Oy C X, int Oy # 0,k = 1,..., p represent inequality constraints, Oy C X,
k=p+1,...,mrepresent equality constraints and 7 : X — R is given functional.
Theorem 1.1 (Theorem 1.8.1, [1]) Assume that

(i) I : X — R is convex and continuous,

(ii) the cones Qi, k = 1,...,m are convex,

(iii) & € (N0 intQe) N (N per Q)
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(iv) the cones [RTC(Qx, X)*, k = p + 1,...,m are either of the same sense or of the opposite sense,

then x° is a solution of the problem
min {I(x), xe ﬂ Qk},
k=1

if and only if the following equation (Euler-Lagrange equation) must hold:

fo+ Y fi=0.
k=1
where fy € [RFC(, O, fr € [RAC(Qk,xO)]*,k =1,...pand f; € [RTC(Qk,xO)]*,k =p+1,...mwith
not all functionals equal to zero simultaneously.

The above generalization of the Dubovitskii-Milyutin theorem is based on the definitions of the regular
cones RTC, RFC, RAC and cones of the same sense and of the opposite sense which are introduced there
(see Ref. [1]). But for the purpose of our problems we are going to use the following sufficient condition
for two cones to be of the same sense.

Theorem 1.2 (Theorem 3.3, [2]) Let Cy be a cone of the form Cy = {(x1,y;) € X XY :x; = My}, C, =
X X éz, where éz is a cone in Y (X, Y-normed spaces). If the operator M is linear and continuous, then

Cl={(x],y) e X xY) 1 y] = -M"xj},
C; ={0.y3) e Xx Yy :y5 € Co},
and the cones C7, C; are of the same sense.

Various optimization problems associated with the optimal control of distributed parameter systems
have been studied in [1, 3-6].

The problem of time-optimal control associated with the hyperbolic systems have been discussed in
some papers (see, e.g., Ref. [7]) in which the existence of a time-optimal control of system governed by a
hyperbolic equation systems involving Laplace operator has been discussed. In [3], the maximum principles
for the time optimal control for wave equation is given by reduction of the second-order wave equation to
a first-order system. All these results concerned the time optimal control problems of systems governed by
only one hyperbolic equation and only control constraints.

In Refs. [8, 9], the above results for systems governed by one hyperbolic equation are extended to
the case of n X n co-operative hyperbolic systems and Petrowsky systems respectively with only control
constraints.

In the present paper, the above results are extended to the case of n x n differential systems of Petrowsky
type with infinitely many variables and control-state constraints, the necessary optimality conditions of op-
timal control for n X n Petrowsky systems with control-state constraints are obtained. First, time optimal
control problem is replaced by an equivalent one with fixed time, then, for a different cases of the observa-
tion (position, velocity and position-velocity) observation, the necessary optimality conditions are derived
by using some generalization of the Dubovitskii-Milyutin Method for the case of m equality and inequality
constraints!'!.

2. SOBOLEY SPACES OF INFINITE NUMBER OF VARIABLES

Let (Py);-, be a fixed sequence of positive twice continuous differentiable probability weights, with respect
to this sequence on R = R! x R x ..., of points x = (x)2,, (xx € R') the (weighted) product measure
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dp(x) can be introduced in the following way
dp(x) = (P1(x1)dx1) ® (P2(x2)dx2) ® ...
= (dp1(x1)) ® (dp2(22)) ® ... ...

The examples of construction of the measure dp(x) are given in Ref. [10].

Below we consider G ¢ R* with G be a bounded open domain with infinitely differentiable boundary

We denoted by L?(G, dp) the space of all square integrable functions on G which is a Hilbert space!'!!
for the scalar product

(@ V)12 ap) = f &(x) Y (x) dp(x).
G
The Sobolev space of order £ (with infinite number of variables), W!(G, dp) is defined by

WXG,dp) := {y| D%y € L*(G,dp), Va,|a|<t),

such that
1
, 2
IVllweG,dpy == (Z ”D(Yy”LZ(G,dp)) <,
al<t
where
DY=DY D o=@ el a
i=1

and

1 0
Dyy(x) = \/ﬁa_xk( VP (x)y(x)).

Next one can define the following space

Wi(G,dp) = {yly € W' (G,dp), D*y=0onT ,lal<€-1,¢>1)}

For the spaces W((G,dp) (€ =1,2,...,) one can construct their dual W~(G, dp).
The duality between spaces Wé(G, dp) and W4(G, dp) is induced by the scalar product of the space W'(G,
dp) = L*(G, dp). For them we have the following chain

W(G, dp) € L*(G,dp) € W (G, dp).

3. PETROWSKY SYSTEMS WITH INFINITE VARIABLES

Fory = ()L,, ¢ = (¢, and r € [0, T], let us define a family of continues bilinear forms
n(t;.,.) : (WG, dp))" x (WS(G,dp))" — R,

by

n

doo= Y. [ apteomdpo.

ij=1

n(t,y, ¢) = n Y (D) (D) + aix, t)yigh
= JG

a<l k=1
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where
a(x,t)and a;j(x,t) are positive functions in L™(S),

ajj = aj; (symmetric condition )

aij = 0 wheni= ] (2)

n
aiZZaij, Yi=1,2,...n

=1

The bilinear form (1) can be but in the operator form:

n(t;y, 9) = Z fG [Z i(—”“ (Dyi) + aiCx, Dy
i=1

asl k=1

n

didp(x) = ) L aij(x, 1)y jidp ()

i,j=1

= (ADY, D) 12(G.dp)y

where A(?) is n X n matrix operator which maps (W[(G, dp))n onto (W‘Z(G, dp))n and takes the form

Bi(?) an c.. aip,
az Ba(t) ... ax
A =] . ) ,
anl Aan2 s Bn(t) nxn

where B;(t) = [Zag Do (=D)¢ (D,%“) + a;(x, t)] are bounded self-adjoint elliptic partial differential opera-
tors of order 2¢ with infinite number of variables.

It is easy to see that i-th component (A(#)y); takes the form

n

AWy = | D D D" (DF) + a0 | yi = D aijix, 0y

a<tl k=1 j=1

1
Notation [}yll,, = ( J, m(x, 0)y*dp(x))’ .

Lemma 3.1

n 1 “ 5
Z Laij(x,t)y,-yjdp(x) < E;H%H " ay

ij=1

Proof. Using Cauchy Schwarz inequality, we have

n n
Y [ anteomdoo < 3 il
G

i=j=1 i,j=1
1 C 2 2 1 N 2
<5 2 [l + 1l ] = 5 D bl -
i,j=1 i=1

Theorem 3.2 Assume that (2) holds, then, there exist a unique weak solution

o

y=0)l, € {y 1y € L*(0, T; (WG, dp))"), 5

€ (L*(S ))"} ,
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satisfying the following n X n Petrowsky system involving operators with infinite number of variables:

2

o 2 Ly (AQy); = us, u; € L*(S) in § =10, T[XG,
Yilx,0) = yio(),  yio(x) € W(G,dp) in G, 3)
Yix,0) =y (),  yii(x) € L*(G,dp) in G,

D%y; =0, w=01,...,6-1 on X =10, T[xI"

Proof. In fact

ﬂ(t;y,y)=zn:fl22|(Dky,
i=1

a<l k=1

doto+ Y il - Y [ @t oo
i=1

i,j=1

By using Lemma 3.1, we obtain

n(t;y,y) 2 f{ Z DYy dp(x)+Zl[||yz||2 iy u,»,]'

Hence

. 2 2
7(t:3:3) + Colylli 2 g gy Z 1M ye G gy C0-€1> 0.

Now, since 71(t; y, ¢) is symmetric ,we can apply Theorem 1.1 chapter4 of Lions!* with
V =W\(G,dp), H=L*G,dp), V' =W7G,dp),

to obtain the result. O

4. CONTROL PROBLEM

Let us consider the following optimization problem

T — min, 4)
under the constraints 2
Y 2 Ly (A()y); = u; in S,
yi(x,0) = y;o(x) in G, (5
Yi(x,0) = yi1(x) in G,

D=0, w=0,1,....,£-1 on X,

2(x,T) = D(y(x, T),y'(x,T)) € K, (6)
ue Uad- (7)

Let us denote by U = (L*(S))", the space of controls, by Y := L*(0, T; (W{(G,dp))") x (L*(S))" the
space of states, by a Hilbert space H the space of observations.
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We assume that

U,q 1is aclosed, convex subset of U,
K be a closed convex subset of H with a non -empty interior, (8)
D is alinear operator from (Wg(G, dp))" x (LX(G, dp))" — H.

Notation 1 We will call the problem (4)-(7) under assumptions (8), problem 1

The optimization problem I can be replaced by another equivalent one with a fixed time 7". To show
that we need tow auxiliary lemmas.

Lemma 4.1 Let T° > 0 be the optimal time for the problem L If int K # 0 then
26T = D(y(x,T),y (x,T)) € K ( boundary of K), 9)

for any set y satisfying (5)-(6).

Proof. Any solution of (5) is continuous with respect to z. If (9) is not true, then there exists an admissible
state y such that the observation z(x,7°) € infK. Thus a T < T° exists so that z(x,T) € dK. This
contradicts the optimality of 7° and hence (9) must be fulfilled. O

Lemma 4.2 Let T° > 0 be the optimal time for the problem I, let u® and ¥° be an optimal control and
corresponding state, respectively. Then there exist a non-trivial vector g(x) € H' so that the pair u°,y°) is
the optimal for the following control problem with the fixed time T°:

1(y,u) := ((x), 2(x, T%)) — min, (10)

subject to the constraints (5)-(7), where () denotes the duality between H, H’.

Proof. The linearity of the equations (5) and the linearity of D implies that the endpoints z(x, T°) of all
admissible states y form a convex set Hzo . From Lemma 4.1 we have

HroNintK =0 and z(x,T°) € 0K.

Since int K # 0 thus there exists a closed hyperplane separating ;o and K containing z(x, T°), i.e. there
is a nonzero vector g € H’ such as!!?

sup (80,200 7")) < (g0, (. 7)) < inf (g(x).2).

z€H0

This completes the proof. O

Remarks: The method fails if int K # 0, e.g., in the case when K consists of a single point.

Remarks: 1If the set K has a special form i.e
K ={ze H;llz - zilln < €},
where € > 0 and z, € H are given, then g is Known explicitly and is expressed by

g(x) = 22(x, T°) - za.
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According to Lemma 4.2, problem I is equivalent to the one with the fixed time 7° and the performance
index in the form (10).

Let us denote by Q;, O», Qs the sets in the space E = Y X U as follows

8y,
S5+ @y = in S,
01 :=(,u) €EE; yi(x, 0) = yip(x) in G, (11)
Yi(x,0) = yi1(x) in G,

D%;=0, w=0,1,...,6-1 on X,

0, :={(nw) € E; veY, ueUd), (12)

0s =) e E; AT €K, ueUy). (13)

Thus the optimization problem I may be formulated in such a form

I(y,u) > min subjectto (y,u) € Q1 N Q>N Q3. (14)
We approximate the sets O, and O, by the regular tangent cones (RTC),Q3 by the regular admissible

cone (RAC)and the performance functional by the regular cone of decrease (RFC).

The tangent cone to the set Q; at (%, 4°) has the form

TC(Q1, 0", u’) ={<y, i) eE: P, u")5,0) = 0}

»y; )
8—; +A@Y); = w; in S,
=30, i) € E; Yi(x,0) = yio(x) in G, (15)
Yi(x,0) = yi1(x) in G,

D”y; =0, w=0,1,....,{—-1 on X,

where P’ (yo, u®)(¥, @) is the Fréchet differential of the operator

62
P((,y"),u) := (a_ti + Ay — u, y(x,0) — yo(x),y"(x,0) — yl(x)) ,

mapping from the space E in to the space F where
F = L*0,T;(W; (G, dp))") x (Wy(G, dp))" x (L*(G, dp))".

According to Theorem3.2 on the existence of solution to the equation (5) it is easy to prove that P’(y°, u®)
is the mapping from the space Eon to the space F as required in the Lusternik Theorem (Theorem 9.1 in

[13]).
According to (12) the tangent cone RT C(Q», (°,u%)) to the set Q> at (3°,u°))) has the form

RTC(Q>,(°,u’)) = Y X RTC(Uyy, u®), (16)

where RTC(U,q4, u°) is the tangent cone to the set U,y at the point «°. From [14] it is known that tangent
cones are closed.
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Applying the same arguments as in Section 2.2 from [1] we can show that

RTC(Q1 N 01, (2, u") = RTC(Q1, (2%, u")) N RTC(Qs, (2°, u°)).

We have to use Theorem 1.2 (Theorem 3.3 from [2]),to show that [RTC (Ql(yo, uo))]* and [RTC(Q»,

0", uo))]* are of the same sense. Note that we do not need to determine the explicit form of [RTC(Q;, °, u®)
)]* in order to derive this conclusion. It is enough to use the Theorem 3.2 about the existence and unique-
ness of the solution for hyperbolic system (5)which determine RT C(Q;, o, u®)) in (15). According to this
theorem the solution of such a system depends continuously on the right side ; i.e., in our case on i so we
can rewrite the cone given by (15) in the form

RTC(Q1,0°%u®)) ={(5,0) e Y x U : § = Ma}, (17)

where M : U — Y is a linear and continuous operator. Then, applying Theorem 1.2 (Theorem 3.3 from [2])
to the cones given by (16) and (17), we get the assumption (iv) of Theorem 1.1 is satisfied.

The admissible cone RAC(Q3, (3°, u®)) to the set Q3 at (%, u°) has the form
RAC(Q3,(",u")) = RAC(K,y*(T) x U, (18)
where, RAC(K, yO(TO)), is the admissible cone to the set K at the point yo(x, 79).

Using Theorem 7.5 in Ref. [13], the regular cone of decrease for the performance functional 7 is given
by

RFC(I,(y°,u°)) = {@, i) e E;I'6°, u®)3, ) < 0}, (19)

where [ ’(yO, uo)()‘), i) is the fréchet differential of the performance functionall.

IfRFC, (yo, u%)) # 0 then the adjoint cone consists of the elements of the form (Theorem 10.2 in [13])
Fo(0°, u®)) = =" O°, u®)(F, @), where Ay >0,

The functionals belonging to [RTC(Q;, (»°, u®))]* have the form (Theorem 10.1 in [13])

£G,2) =0 YF, i) € RTC(Q1, ", u)).
The functionals
f33, 1) € [RTC(Qy,0°, u®))] and  fi(3, ) € [RAC(Q3, 0°, u")T",
can be expressed as follows
LGD = O+ @),  [G.8) = fG)+ [@),

where f31()7) =0 Vy € Y and ff(ﬁ) = 0 Vi € U (Theorem 10.1 in [13]), f32(12) is the support
functional to the set U, at the point u° and, fl1 (9) is the support functional to the set K at the point
y0(x, T%) (Theorem 10.5 in [13]).

Since all assumptions of Theorem 1.1 (the generalized Dubovitskii-Milyutin Theorem, Theorem 1.8.1
in [1]) are satisfied and we know suitable adjoint cones then we ready to write down the Euler-Lagrange
Equation in the following form.

@)+ £l @) = 26", )5, @) Y, @) € RTC(Q1, ¢, u’)). (20)

Since I depended on the observation z which depended on the operator D, we shall interpret (20) after
choosing the observationz,the observation space H and the target set K in a less form fashions.
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S. OBSERVATION ON THE POSITION Y

Let
2x,T)=y(x,T), H =(L*G,dp)) }

K=lz= @)L, € CG.dp)" : Il — zallz.ap < €}

where z;; and € are given such that z;; € L*(G,dp), i = 1,2,...n € > 0.

Notation 2 We will call the problem I with z, H and K are given by (21), problem 1; .

In the present case, according to Remark 4.,
n
6% G0 =) f 07, T%) = zia)yi(x, T)dp.
i=1 YG

Introducing the adjoint variable p by the solution of the following systems

2

pi(x, TO) =0, x€G,
P, T = =(00(x, T) = zia),  x€G,
D“p;i=0, w=0,1,....,6-1 xel, 1€]0,T°L

2

(22)

(23)

The existence of a unique solution for the equation (23) can be proved using Theorem3.2 with an obvious

change of variables.

Taking into account that ¥ is the solution of P’((yo, uo))(y, 1) = 0 for any fixed #,we obtain.

f f [ +(A(r>p>]y,dpdr

_ ap,_

- f o ) do +f
f 0’<x T9).5:(x, T")dp - f f pi. idpdt.

TO
f(yi(x, T°) - zi) Ji(x, To)dp=f fp,- widpdt.
G o Jo

So, the Euler-Lagrange Equation (20) takes the form:

Hence

1 n 70 1 n
R@+£0)= 50 fo L piiidpdi + 520 ) fG 02 T°) = za)yi(x, T dp.
i=1 i=1

f f p,[ +(A(t)y)}dpdt

(24)

(25)

A number Ay cannot be equal to 0 because in such a case all functionals in the Euler-Lagrange Equation
would be zero which is impossible according to the DM Theorem. Using the definition of the support
functional and dividing both members of the obtained inequalities by 4y from (25) we obtain the maximum

conditions:

n 70
Zf fpi(’/li —u)dpdt >0 Yu € Uy,
i=1 0 G

29
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ZI@WW%MWrﬁWZOW£K 27)
i=1 YG

If RFC(I;,(3°,u%) = 0 then the optimality conditions are fulfilled with equality in the maximum
conditions (26)-(27).

We have thus proved:

Theorem 5.1 Assuming that T° > 0 is the optimal time for the problem Iy, u® and Y° are the opti-
mal control and corresponding state respectively. Then, their exists the adjoint state p, p = (p;)_, €
{p cpel*0,T; (Wg(G, dp))"), g—f’ e (L*(S ))”} so that the following system of equations and inequali-
ties must be satisfied:

State equations

9y 0 0 0
e (A0y°). =u’,  xeG, €0, T,
yi%(x,0) = yio(x), x€G,
, 28
w0 =y, xeG, (28)
DY =0, w=01,...,6-1 xeTl, €0, T
y(x,T) € K.
Adjoint equations
azpi 0
e +(A@®p); =0 , x€G, t€]0,T7,
pitx, T =0, xeG, 29
P, T% = =(00(x, T = zia), x€G,
D“p;=0, w=0,1,....,(-1 xeTl, 1€]0,T°.
Maximum conditions
n 70
Z f f pilt; —u)dpdt >0 Yu € Uy, (30)
i=1 Y0 JG
>, 08T 0= 3o 20 Wy ek 3D
i=1 YG
6. OBSERVATION ON THE VELOCITY Y’
Let
26 T)=y(x,T), H =L*G,dp)"
n 2 n (32)
K ={z= @)L, € LG.dp))" : Iz — ZidllzGap < €}

where z;; and € are given such that z;; € L*(G, dp),i=1,2,...ne>0.

Notation 3 We will call the problem 1 with z, H and K are given by (32), problem 1, .
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In the present case, according to Remark 4.,
, 0 /0 0 0
16000 = Z [ o110 =255 7 (33)

Introducing the adjoint variable p by the solution of the following systems

2
5 2 Ly (Ap); =0, xeG, €0, T,
pitx, T = ¢°(x, T - zig),  x€G, (34)
pi(x, T =0 x€G,
D“pi=0, w=0,1,...,0—-1 xel, t€]0,T°.

Since (ylf(‘ro; u®) — zig) ¢ WS(G, dp),the existence of a unique solution for the problem (34) can not be
proved using Theorem3.2.

The existence of a unique solution p(u) for the problem (34) can be proved by applying Transposition
Theorem (Theorem 3.1, chapter 4 of Lions™*) with

= (WyG.dp))'. H=IXG.dp). V' =(W;"G.dp)) .
Then we have the following lemma

Lemma 6.1 The solution of (34), p(u) is defined as the unique element of (L*(S))* such that

T° 2¢
f f pz(u)[ — + (A(ng),

2
Vo = (¢, such that [ g (A(t)¢)] € L*(S), ¢i(0)=0, ¢(0)=

dp(x)dt = f 0% u°) = zia) @\ dp(x)

(35)

Therefore, in (35) we can take ¢; = 7; and taking into account that ¥ is the solution of P’((3°, u®))(#, ) = 0
for any fixed i,we obtain.

TO
f 6, T) = zig)-yi(x, TOdp = f f pi hidpdt. (36)
G 0 G

Hence, as the above section, we obtain the following theorem:

Theorem 6.2 Assuming that T° > 0 is the optimal time for the problem I, u® and Y° are the optimal
control and corresponding state respectively. Then, their exists the adjoint state p = (p;)_, € (L*(S)) so
that the following system of equations and inequalities must be satisfied:

State equations

‘92%‘0 0 0 0
s (A@yy )i =u, xeG, 1€]0,T°,
y0(x,0) = yio(x), x€G,
00) = yu (), x€G, ©7
D=0, w=0,1,..,(-1 xel, 1€]0, T
y(x,T) € K.
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Adjoint equations

azpi

57t (A(Hp); =0, xeG, 1€]0, T,
i T = 0 (x.T%) —zia).  x€G, (38)
pi(x,T% =0 x€G,
Dp;i=0, w=0,1,...,0-1 xel, t€l0,T°L

Maximum conditions

n 70
Z J; L piui —u)dpdt >0 Vu € Uy, (39)
i=1

>, fG O T = 2ia).07 = 0:°Y)dp 2 0 ¥y € K. (40)
i=1

7. OBSERVATION ON THE POSITION-VELOCITY (Y, Y’)

We now consider the optimal control problem with position-velocity observation. Let

) = 00,y ), H = (Wi(G.dp)" x (LG, dp))"

(41)
K= {(z, e H: ) ID" % = zallz G + I = ZiallGam < e},

ast

where z;; and € are given such that z;; € L*(G, dp),i=1,2,...n, €>0.
Notation 4 We will call the problem 1 with z, H and K are given by (41), problem 13 .

From the definition of the usual norm on (Wé(G, dp))* x (L*(G,dp))", definition of K in (41), and
Theorem 2 in [8], I’(y°, u®)(¥, it) can be given by the following equation:

6% uGm =) fG —[Z Z(—l)”D,%f] 0i(2% 1) = zi)yix, T)dp
i=1 as<tl k=1

n 42)
£y f 0000 7% = 2a)y (e, T)dp,
i-1 YO

which can be interpreted as the above application to obtaining the following theorem

Theorem 7.1 Assuming that T° > 0 is the optimal time for the problem Is, u® and Y° are the optimal
control and corresponding state respectively. Then, their exists the adjoint state p = (p;)}_, € (L3(S)) so
that the following system of equations and inequalities must be satisfied:

State equations

‘92%‘0 0 0 0
s (A@yy )i =u, xeG, 1€]0,T°,
y0(x,0) = yio(x), x€G,
00) = yu (), x€G, )
D=0, w=0,1,..,(-1 xel, 1€]0, T
y(x,T) € K.
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Adjoint equations
& pi
— +(A@®p); =0,

pitx, T%) = 0°(x, T°) = zia),

Py, T) = - [Z Z(—l)fDi"] i u”) - zia)

a<t k=1
Dp;i=0, w=0,1,...,£-1

Maximum conditions

n 70
Z f f pilu; = u’)dpdt =0 Vu € U,
i=1 Y0 G

xeG, 1€0,T°,

xeq,
x €@,

xel, 1€]0,T[.

>, fG [Z Z(—l)"Diﬁ) O 6T = z)(f = 0 )dp 20 Yy € K.
i=1

a<l k=1

8. SCALER CASE

(44)

(45)

(46)

Here, we take the case where n = 2, in the case of section 5. the time optimal control is characterized b y

State equations

aZyO ©

—a | 20 DD Y+ arw ] — @) = i
a<l k=1

a2y0 ©

S | 20 DD ) — an ey + ax(e 1)) = i3
a<l k=1

W, 0) = yio(x),  ¥(x,0) = y20(x)
Y20x,0) = yi1(x),  ¥P(x,0) = y21(x)
DUy =Dy =0, w=0,1,...,0-1

VAT, u) — ziall < € IVATO,u%) — zaall < €

Adjoint equations

& NN
Otpzl + Z Z(—l)‘ Dﬁi p1+ai(x,npr —an(x,t)py =0
a<t k=1
(92[72 S a n2a
Froa Z Z(—l) D p2 —an(x, )p1 + ax(x,0)py = 0
ast k=1
P T =0, pax,T% =0

o
ot
0

%(TO; 1) = —(ya(T% ) = 22)

D“p; =D“py; =0, w=0,1,...,0-1

(T%u°) =~ (T u®) = z10)

33

xeG, €0, T,

xeG, t€0,T,

x€q,
x€q,
xel, €0, T,

xeG, 1€)0,T°,

xeG, 1€0,T°,

x €@,

x€q,

x €@,

xel, 1€]0,T°.

47

(48)
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9.

Maximum conditions

2 70
Z f f pitu; —uV)dpdt >0 Yu € Uy, (49)
=1 Y0 JG

2
DL 00T = zi)i = 3idp = 0 Wy : lyi = ziall < € (50)
- G

i=1

COMMENTS

e We would like to note that, if £ = 1 and the sequence of weights (Py);>, is given by

(Pk)](:):] :(1717"'3130,0,"-),
———

N—time
then
-A+a —-a
A(l) — ( 1 12 ,
—daj| -A+ ar

where A is the Laplace operator: A = Y %.
k
The results in this case are similar to the results in [8].
e As a final remark,we note that if there is no constraint in the states i.e for example if we take
Y ={y= G, € L0, T; (WG, dp))") X (LX(S)" : (3i(x, T) = zia) < €,

in the case of Section 5. the problem is equivalent to the fixed-time problem
minimize Z f yi(x, T) = zia()Pdp, T fixed,
i=1 VY0

subject to (5)-(7) [except in the trivial case where z; = y(x, T) ] Then we can prove in an analogous
manner, that is the necessary conditions for optimality for this problem coincide with the results in

[8].
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