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Soliton Solutions of the Kaup-Kuper shmidt and
Sawada-K otera Equations

Sami Shukrit*

Abstract: In this paper | seek soliton solutions of two-component galimations of the Kaup-
Kupershmidtand Sawada-Kotera equations, for this purpaegleapply the extended tanh method.
The extended tanh method with a computerized symbolic ctatipu, is used for constructing
the travelling wave solutions of coupled nonlinear equetiarising in physics. The obtained
solutions include soliton, kink and plane periodic solntio
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1. INTRODUCTION

Nonlinear wave equations in mathematical physics play somae in various fields, such as plasma
physics, fluid mechanics, optical fibers, solid state ptsygsibemical kinetics, geochemistry, and so on [1].
The pioneer work of Malfiet in [2] introduced the powerful kamethod for a reliable treatment of the non-
linear wave equations. Later, the extended tanh methoeé|alged by Wazwaz [3], is a direct anffective
algebraic method for handling nonlinear equations. Variextensions of the method were developed as
well [4].

The equations solvable by the extended tanh method possessver a particularly interesting class
of solutions; solitons. Recently, Sami Shukri and KameKalaled in [5] have solved Generalized coupled
Hirota Satsuma KdV equation and obtained the solitons ispisit The solitons are traveling waves that
preserve their shape after a collision with other solitortss property is used in many applications; from
hydrodynamics to nonlinear optics, from plasmas to shockeaiafrom tornados to the Great Red Spot of
Jupiter, from tréfic flow to internet, and from Tsunamis to turbulence [1]. Mageantly, solitons are of
key importance in the quantum fields and nanotechnologycéspein nanohydrodynamics [6].

Many mathematicians wrote papers on the Kaup-Kupershrgigition and Sawada-Kotera equation ,
see for example [7-12]. In this paper | solve two-componenegalizations of the Kaup-Kupershmidt and
Sawada-Kotera equations by the extended tanh method tm@lotdon solutions.

2. THE EXTENDED TANH METHOD
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Wazwaz in [3] has summarized for using extended tanh meth@artial diferential equation
P (u, ut, Uy, Uxy, ...) = 0. (1)
can be converted to an ordinanfférential equation

Q(U,U’, U™, ..) = 0. )

Upon using the wave variable= x — gt. Equation (2) is then integrated as long as all terms contain
derivatives where integration constants are considenex$zitroducing a new independent variable

Y = tanh€)7 é: =X _Btv (3)
leads to change of derivatives:
d _ d
&=(1-v)&

& - 2 (1-Y) G+ (1-Y) &,

€ -2(1-v3)(3v2-1) & -6Y(1-Y) & + (1-¥3) &,

& - 8Y(1-Y2)(3v2-2) & +4(1-¥?) (9v2-2) & @)
~12v(1-v2) & 4 (1-v2) g

& = (-1+Y2)(2-15v2 +15v4) & — 120v (-1+ Y2)" (-1 + 2v?) &,
~20(-1+Y2)’(—1+6Y2) & —20v(Y? - 1)' & + (1-¥7) &,

The extended tanh method admits the use of the finite expansio

M N
U@ =S(v) = ) ar + > by ™, 5)

k=0 k=1

wheremis usually obtained by balancing the linear terms of the &sgjlorder in the resulting equation, with
the highest order nonlinear terms in equation (2). Witbetermined, equate the daeients of powers of
Y in the resulting of equation (2). This will give a system ajeraic equations involving the unknowns
ay, by, fork = 0, ..., m. Determining these parameters, knowing timds a positive integer (in most cases)
and using equation (5) we obtain an analytic solution in aexdioform for equations (5) and (2).

3. TWO-COMPONENT GENERALIZATIONS OF THE KAUP-
KUPERSHMIDT AND SAWADA- KOTERA EQUATIONS

Consider the two-component generalizations of the Kaupefshmidt and Sawada-Kotera equations [13]

Ut = Uyxoxx — 10UUxxx + 30Wyxx — 25UyUxx + 45y
+ 200Uy — 30vUy — 60UV,

Vi = —=WVyxx + LOVUxxx + 30UVyxx + 35VxUxx + 45Uy Vyx
— 20uvuy — 20Uy — 30V2v,.

(6)

Using the wave variablé = x — ct carries equation (6) into the ordinanyfiirential equation
—cu’ = u® — 10uu” + 30w - 250'U” + 45V’
+ 200U’ — 30v?U’ - 60uw, @
—cv = —9v® + 10vu” + 30uv”’ + 35U + 450V
—20uvu’ — 20U?V — 30v?V'.
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Balancingu® with uw’, v with uv’ in equation (7) gives

N+5=N+2M+1,

M+5=2N+M+ 1 ®)
SothatN =M = 2.
The extended tanh method admits the use of the finite expansio
U=ap+aY +aY2+ 2+ %,
1 2 Y d_Y22 (9)

v=c0+clY+czY2+%+Y2.

Substituting (9) into (7), and collecting the d¢beients ofY we obtain a system of algebraic equations for
ao, a1, @, by, by, Co, €1, Cz, d1, d; as follows:

~16a; — cay — 20apa; — 20a3a; + 50a;8, — 160, — chy — 208,

—20a3h; — 20a2b; — 30apb; — 40apasb; — 20a;0230a;b,

—40aga b, — 40a;a,b, + 50b; — 40a,b: b, + 308,35 + 30b1C3

+60coC1 + 60a9CoCy + 60D2CoCy + 3001C2 + 6001CoC2 — 90C;Co

+60b,c;C, + 60cod; + 60agcyd; + 60axcod; + 60a;cid;y

+60b;3C1d; + 150c,0; + 60agCd; + 60b,Cd; + 30a;d2

+60a;cqds + 150c,d, + 60agc,dy + 60aycyd, + 60a;cody

+60b1Cod, — 9000, + 60801 d; = 0, (10)
~7002 — 408982 — 2723, — 2ca, — 160893, — 40a3a; + 10083

+10a;b; — 80aya,b; + 40a,b, — 40a3b, + 60a,C5 + 12081CoCt

+150c2 + 60agC? + 480coC; + 12080CoC2 + 120b;C1Co — 180c3

+600,C5 — 90c;d; + 1208,¢1d; + 12081207 — 360c20; + 12085C20; = O, (11)
1363 + cay + 80apay + 20853 — 20a5 — 530 a; — 120a0a;8,

+20a2b; + 13082 + 40a9azb; — 60a3b; — 10ab, + 40a18,b,

~30a;¢5 — 240c4C; — 60apCoCy + 18082CoCy + 90ay¢2 — 300;C5

+1808;CoC, — 60b1CoC + 117Q1C, + 180agc,C, — 60b,cyCo

+90b;C5 — 60a,Cod; — 60a;1¢10; — 690c,d; — 60a9C,0;

+18082C,0; + 90c;d, — 60axC1d; — 60a5C,0; = 0, (12)
18082 + 40agas + 12323, + 2ca, + 400802, + 40833, — 80a3ay

—660a5 — 80apa5 — 10a1b; + 80ayaxb; — 40azb; + 40a3b;

—60ayc3 — 12081CoCy — 420cF — 60a9Ct + 1208,¢5 — 120Cc0C,

~12080CoC, + 2408,C0C; + 24085C1C, — 12001¢1C; + 138025

+12080C5 — 60b,C5 + 90c1d; — 12082¢10; — 120820,

+360c,0d; — 1208,¢,d; = 0, (13)
—2408; - 60apa; + 2085 + 1030 a, + 1208028, — 100885

~90agb; + 60a3b; + 180coc; — 1808,C0c; — 908;C5 — 18083CoC;

—243(x;C; — 18089C;C; + 30082C1C; + 1508,C5 — 90b;C5

+450c,0; — 1808¢,04 = 0, (14)
~11085 - 16808, — 240808, + 80aja, + 110085 + 80apa3

—40a3 + 270c2 — 1208,C2 + 720c0C; — 2408,C0C,
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~2408,C1C; — 24605 — 12080C5 + 180a,C5 = 0, (15)
1208y — 5508ya; + 1008385 + 135Q:1C; — 3008,C1C, — 15085 = O, (16)
7208, — 54085 + 4085 + 1260c5 — 1808,¢5 = 0, (17)

10a3b; — 7005 — 40892 — 272b, — 2cb, — 160agb, — 40a2b,

+40azb, — 80a;bsb, + 10003 — 40ab3 + 60b,c5 + 12001Cod;

—90c;d; + 1200,¢;0; + 15002 + 60a0d? + 480cod; + 12089Cod,

+12001¢;07 — 36020 + 1200,C,d; + 1208,d;d; — 18005 + 60azd3 = 0. (18)

Also in the same manner, we get

1360y + cby + 80agh; + 20a3b; — 10azb; + 20a;b? — 2003

+130a4b;, + 40a0a;b, — 53001b, — 12080b; b, + 40a2b;b,

60a;b3 — 3001C5 — 6002CoCy — 240c0d; — 60agCod;

+1800,Cod; — 60b;5¢1d; + 90c,d; — 60b,C2d; — 30ad2

+90b;d? — 60a3Cod; + 18M0;1Cod, — 690c1d, — 60a9C; 02

+1800,C107 — 60b1Co0p + 1170 dp + 18080010,

60ayd;d; + 90a1d2 = 0, (19)
~10ayb; + 1807 + 40a0b? + 1232, + 2ch, + 4008gb, + 4083,

40azb, + 80a;b;b, — 80b7b, — 66003 — 80agh3 + 40a;b3

60b,C5 — 12001Cod; + 90cd; — 1200,¢1d; — 42002 — 60apd?

+12Q0,d2 — 1200c0d; — 12080Cod, + 2400,Cod2 — 1200;5¢1d;

+360C,0; — 1200,¢,0; — 1208:d:d, + 24001040,

+138003 + 1208003 — 60a,d5 = 0, (20)
—2400; — 60agh; + 2003 — 90a;b, + 103Myb;, + 120a9b; b,

+60a;b3 — 1000303 + 180cyd; — 1800,Cod; — 90b; d?

180;1Cod, + 450c1d, — 18(0,C1d, — 2430 d, — 180800, d;

+30Q0,0;dp — 908,03 + 1500,d3 = O, (21)
~11(0% - 168, — 240agb, + 80b7b, + 11005 + 80aghs

4003 + 27002 — 1200,d? + 720cd, — 2400,C00, — 24001010,

24605 — 1208003 + 180b,d5 = 0, (22)
12091 - 550)1b2 + 100)1b§ + 135011(12 - 30Cbzd1d2 - 15Cb1d2 = 0, (23)
720, — 54003 + 4003 + 126003 — 1800,d5 = 0, (24)

20a;¢y + 20aga1Cq + 20b;Co + 20agh; ¢y + 20axb1Cg

+20aybyCo + 144c; — ccp + 60agC; + 20a3¢s — 70ap¢; + 40a1by¢y

700,¢; + 40a2b,¢; + 30c3c; — 90a;C; + 2300;C; + 60agh; C;

+60a3b,C, — 20010y, + 144d; — cdy + 60agd + 20a3d; — 70820,

+40a1b10d; — 70b,d; + 40a,b,d; + 30c3d; + 60ceC2d; — 30c;02

+230810, + 6080210, — 2081820, — 90b;dp + 60ayb;dp

60coC1dp + 60c1C20p = O, (25)
20a§co + 1608,¢y + 40apaxCo + 2408;¢1 + 60apay ¢y — 1100161

—20apb;C; + 60a2b1¢; — 20a3b,¢1 + 60coC2 + 2448, — 2cC,

+48089C; + 4085c,; — 320m,C, + 80a3b; ¢, — 20b3C, — 4800,C;
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40agh,C, + 80abyC; + 60C3C, + 30a10; + 20a0a;0 + 208;a,0;

+20agb;d; — 60coC1dy + 120c1Cod; + 20a2d, + 1608,d;

+40a9a,d, — 60c7d, + 60c3d, = O, (26)
—80a;co — 20apa g + 60a3a,Co — 20ab1co — 1224, + ccp — 24089,

20ac; + 40aic; + 7508,¢; + 80a9@,Cy — 40a1b;cy + 70b,c;

40ab,cy — 30c5¢; + 30¢3 + 1090a;C, + 10080a; ¢, — 6900;C,

60agb;co + 100a5b1c, — 60a3b,¢, + 180cyc; ¢, — 30axdy

+20a3d; — 60cid; + 90c3d; + 10ayd, + 20a;8,d, — 60c;Cod; = O. (27)

Also in the same manner, we get

—20a2cy — 40082Co — 40a082Co + 40a5Co — 640a;C1 — 60a9a1Cy

+100838,C; + 90b;¢; — 60a2by¢; — 60coCs — 11088, + 2cc,

~1200aC; — 4085¢C; + 6082c, + 22408,C; + 120808,C, — 80ayb;C,

+3200,C; — 80aphyc, + 120c2c, + 120cc5 — 10ayd;

—20ay8,0 — 60c;C20h = 0, (28)
60a;Co — 60a18,C + 216Qc; + 18089C; — 40asc; — 1490,¢;

—80apayC; + 60a3¢; — 30c — 2190¢, — 1008024 C,

+140a,C; + 4500;¢, — 100801 ¢, — 60cyC1Co

+150c,C5 + 30a,0; — 20850 = 0, (29)
2408,¢o — 40a35¢o + 4008,C; — 1008ya,C; + 1512@; + 72080C; — 60a2c,

—38408,C; — 120898,C; + 80asc, — 60cic, + 60c; = 0, (30)
~1080c; + 8108,y — 60a5¢; + 119QayC, — 1408y a,¢; — 30¢:C5 = O, (31)
~648Qx; + 19208,C, — 80asc; = 0, (32)

20b%cy + 16@0,Co + 40a9h2Co + 300;C; + 20apb;Cy + 208305¢;

+20b1b,C1 + 20b5¢; + 1600,C, + 40a9h,C, — 11085d; — 2089330y

+240b,d; + 60agb,d; — 20ayb,d; + 60a;bod; + 24481, — 2cd, + 4808y,

+40a3d; — 20a2d, — 4808,d; — 408020 + 80a;b1d, — 320b,d;

+80apb,d; — 60c101d; = 0, (33)
~80b;Co — 20a9b;Co — 20a1b,Co + 60b1b,Co — 30b,¢1 + 2005¢;

+1001C, + 20010,C, — 1224d; + cdy — 240800; — 2085d; + 70azd;

—40a;by 0y + 400b%d; + 750050 + 80agh,d; — 40a5b,0; — 30c3dh

~30c;02 — 6908, — 60a0a;dz + 109(0;d; + 100agb;d; — 60azb;d,

+1008;b,d; — 60coC;dz — 60c,d1d7 — 30c1d3 = O, (34)
—20bZcy — 400b,Co — 40agh,Co + 40b5C0 — 10b5¢; — 20010701

+90ayd; — 640bd; — 60agh;d; — 60a;b,d; + 1000;byd; — 60ced2

~11088l, + 2cd, — 1200800, — 40a3d; + 320a,d, — 80a;b;d; + 60b3d,

+2240,d, + 12089b,d, — 80azb,d, — 60c3d, — 120c;d;d, — 60c,d3 = 0, (35)
60b1Co — 600102Co + 30b,C1 — 20b3c; + 216Q; + 180agd; — 40b3d;

~149(,0; — 80aghyd; + 60b3d; — 30d3 + 4508,d, — 2190;d, — 10080b;dp

~10083b,d, + 140b;b,d, — 180ced;d — 90c1d2 = O, (36)
240,¢o — 40050 + 4000303 — 10001b,d; + 1512@; + 720800, — 60b2d,
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~38400,d; — 120agb,d; + 80b3d; — 120d2d, — 120ced5 = 0, (37)
—108011 + 81(1)2d1 - 6(1)3(11 + llg(bldz - 14(1)1b2d2 - 15(111d§ = O,
—6480l, + 1920,d, — 80b3d, — 60d: = 0. (38)

The above equations are cumbersome to solve. Using a mooerputer algebra system, skathe-
matica, we obtain the two sets of solutions

e The first set:

ap=0, a;=0, az=%, by =0, bp=0, co=0, c1=-V2 =0, dy =0, dr =0.
e The second set:
=0 a=0 a&=3 b =0 =0 c=0 c=V2 =0 d=0, d=0.

In view of this, we obtain the following soliton and kink stilins:
ur(x t) = g tantf(x — ct), vi(x t) = — V2tanhi — ct), (39)

Un(X ) = g tantf(x — ct), Va(X,t) = V2tanh — ct). (40)

In Figures (1) and (2), the soliton solutions have wings,ehe the kink solutions in Figures (3) and (4)
have no wings.

Figure 1: The soliton solutioru, (x, t) of equation (6). Figure 2: The soliton solution,(x, t) of equation (6).

Figure 3: The kink solutionv;(x, t) of equation (6). Figure 4: The kink solutionv,(x, t) of equation (6).
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4. CONCLUSIONS

The extended tanh method was successfully used to obtaimdabtisolitary wave solutions, mostly soli-
ton and kink solutions of two-component generalizationshef Kaup-Kupershmidt and Sawada-Kotera
equations.
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