©csCanada ISSN 1923-8444 [Print]

Studies in Mathematical Sciences ISSN 1923-8452 [Online]
Vol. 3, No. 2, 2011, pp. 21-27 www.cscanada.net
DOI: 10.3968j.sms.1923845220110302.220 www.cscanada.org

A Class of ‘n’ Distant Graceful Trees

Debdas Mishra’; Amaresh Chandra ParndaRajani Ballav Dash

1C. V. Raman College of Engineering, Bhubaneswar, India.

2C. V. Raman College of Engineering, Bhubaneswar, India.
3Department of Mathematics, Ravenshaw University, Cufthakia.
*Corresponding author.

Address: C. V. Raman College of Engineering, Bhubaneswdial
Email: debmaths@gmail.com, amareshchandrapanda@yatioo.

Received 18 September, 2011; accepted 26 November, 2011

Abstract

In this paper we show that a tr@&ewith the following properties have graceful labeling.

1] T has a patiH such that every pendant vertexDhas distance (a fixed positive integer) frorhl.
2] Every vertex ofT excluding one end vertex ¢f has even degree.
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1. INTRODUCTION

Definition 1.1 A graceful labelingof a treeT with q edges is a bijectiofi : V(T) — {0,1,2,... ... g} such
that{|f(u)— f(v)| : {u,v}isanedgeol} ={1,2,3,...... ,q}. Atree which has a graceful labeling is called
agraceful tree

Definition 1.2 A TreeT is said to be a distant treaf it possesses at least two vertices at 21’ distance
apart. We observe thatredistant tree has the pabh= xg, X, ... ... Xmsuchthatfoi =1,2,3,...... ,m—

1, the distance of each vertexTn-{Xq, ... ... s Xiels Xitdy e v vnn , Xm-1} from x; is at mosm, the distance of
at least one vertex i — {X1, X2, ... ... ... ..., Xm-1, Xm} from Xg is n, and the distance of at least one vertex
inT —{Xo, X1, ... ... , Xm-2, Xm-1} from X, is n. We call the patiH = xox; ... ... Xm as the central path of
distance tre@. The tree in Figure 1 is a four distance tree with each of itelpat vertices is at distance 4
from the central path.

In a bid to resolve the conjecture of Ringel and Koigvolving graph decomposition that the com-
plete graphKz,,; decomposes intor?+ 1 copies of a tree withn edges, the concept @f — valuation
emerged.

In 1964 Ringel and Kotzi§ conjectured that every tree hgsvaluation. The above conjecture is
popularly known as ‘Graceful Tree Conjecture’. In 1966 Fgaroved that the complete graph,.,; de-
composes intor2+ 1 copies of a tree with edges provided that the tree hg$waluation. As a consequence
of Rosa’s findings many researchers and workers of grapmthyga inspired to work more exhaustively
on the graceful tree conjecture. In 1972 Goldthballed valuation as graceful labeling, which is now
the popular term. Though the conjecture is unresolvedatiédthere have been numeroti®ds to resolve
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the graceful tree conjecture for last five decades. One danteGallian’s latest survey on graph labeling
problemé&! on the progress made in resolving the graceful tree conctdere we are inspired by the
transformation techniques discussed by Herncier and H2\irewhich they proved all trees up to diameter
five are graceful. In this paper we give graceful labeling tteas ofn distant trees using the transformation
techniques presented$h Then distant trees with central path = xpXxiXo. .. ... Xm to which we give
graceful labeling in this paper have the characteristiaseéich non pendant vertex of the tree excluding
has even degree and each pendant vertex is at a distdrora the central patil. Figure 1 is a (graceful)
4-distance tree satisfying the conditions mentioned above

Figure 1

A Four Distance Tree in Which Each Non-Pendant Vertex has Eve Degree Except the Vertex with
Label O

In order to prove our main result we need some existing teshogies and results as described below.
Definition: 1.3 For an edge = {u, v} of a treeT, we defineu(T) as that connected componentTof- e
which contains the verten. Here we say(T) is a component incident on the vertex If a andb are
vertices of a tred’, u(T) is acomponent incident onandb ¢ u(T) then deleting the edg, u} from T
and makingb andu adjacent is called theomponent moving transformatiodere we say the component
u(T) has been transferred or moved frarto b.

Definition: 1.4 LetT be a labelled tree arelandb be two vertices off, anda be attached to some com-
ponents. The — b transfer is called transfer of the first typ# the labels of the transferred components
constitute a set of consecutive integers.

15 1 =2

14 =5

(a) )
Figure 2

The Tree in (a) is a Tree with a Graceful Labeling. The Tree in p) is Obtained from (a) by Applying
a Transfer of the First Type 16 — 2

Notation 1.5 For any two verticest andb of a treeT, the notatiora — b transfer meanghat we move
some components incident on the veréebo the vertexb. If we consider successive transfers» b, b —
c,c—d, ... ... ,we simplywritea—»b—-c—d...... transfer. Inatransfex; - ap — az... ... — ap,
we call each vertex excepf avertex of the transfer
Lemma 1.6 [4] Let f be a graceful labeling of a trde let a andb be two vertices oT; let u(T) andv(T)
be two components incident @awhereb ¢ u(T) U v(T). Then the following hold:

@) If f(u) + f(v) = f(@) + f(b) then the tred *; obtained froml by moving the componentgT) and
v(T) fromato b is also graceful.

(i) If 2 f(u) = f(a) + f(b) then the tre@** obtained froml by moving the componeni(T) from a to
bis also graceful.
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2. RESULTS

Lemma 2.1In a graceful labeling of a graceful tred’, leta andb be the labels of two vertices. Latbe
attached to a set of vertices whose labels are consecutiageirs constituting a sequer8e= (n,n+ p,n+
Ln+p-1n+2n+p-2,...... ) with maxS} = n+ p, min{S} = n, and the sums of the consecutive
terms ofS are alternatela + b anda+ b — 1 beginning with the sura+ b — 1. By making a transfeat — b

of the first type we can keep any odd number of terms from thnbawy of S ata and move the rest to,
and the resultant tree thus formed will be graceful.

Proof: The terms ofS are consecutive integensn+1,n+2,... ... n+ p. We observe that on removing any
number of terms from the beginning 8f the remaining terms form a set of consecutive integers eblaar,
wehave(+i)+(Nn+p—-i+1)=a+bi=212...... ,i.eexcludingn the terms ofS can be paired whose
sum isa + b. Now we carry out a transfexr — b of the first type keeping any odd number of terms from
the beginning, say the first 2 1 terms ofS, namelyn,n+i,n+ p-i+1i=2123,...... ,r, ata, and
transfer the rest tb. Let A; be the set of terms & which have been moved to Now the elements o
are consecutive integers with the property that for eaeti\;, either we have 2= a + b or there is another
(unique) elementvin A; such thaz + w = a+ b. The new tree thus formed is graceful by Lemma 1.6.
Lemma 2.2In a graceful labeling of a graceful tred’, leta andb be the labels of two vertices. Latbe
attached to a set of vertices whose labels are consecutigeirs constituting a sequer8e- (n+ p,n,n+
p-Ln+ln+p-2n+2,...... ) with maxS} = n+ p, min{S} = n, and the sums of the consecutive
terms ofS are alternatela + b anda+ b + 1 beginning with the sura+ b + 1. By making a transfeat — b

of the first type we can keep any odd number of terms from thnbawy of S ata and move the rest to,
and the resultant tree thus formed will be graceful.

Proof: The terms ofS are consecutive integensn+1,n+2,... ... n+ p. We observe that on removing any
number of terms from the beginning 8f the remaining terms form a set of consecutive integers eblaar,
we have i+ p-i)+(h+i—-1)=a+b,i=1,2,... ... ,i.eexcludingn+ p the terms ofs can be paired whose
sum isa+ b. Now we carry out a transfer— b of the first type keeping any odd number of terms from the
beginning, say the firstr2+ 1 terms ofS, namelyn+ p,n+i—-1,n+p—-i,i =1,2,3,...... ,I, ata, and
transfer the rest tb. Let A, be the set of terms & which have been moved to Now the elements o,
are consecutive integers with the property that for eaeti\,, either we have 2= a + b or there is another
(unique) elementvin A, such thaz + w = a+ b. The new tree thus formed is graceful by Lemma 1.6.
Observation 2.3(a)Consider any pair of vertex labedsandb in a graceful tree, wheris attached to a set
of vertices with labels as in Lemma 2.1. After we carry oubasferato b of the first type as in Lemma 2.1,
the setA; of the vertex labels db that are transferred tois of the formA; = {n+r+1, n+r+2,... ... ,N+rql,
ri=p-rwith(n+r+1+i)+(n+ry—i)=a+b,i=0,1,2,....... Further, by repairing the elements of
A, weget, Q+r+1+i)+(n+rp—i)=a+b-1,for0<i < [’1‘—2”1]. That is the elements &% form the
sequencen(+ry,n+r+1n+ry—1,n+r+2,...). Therefore, next if we make a transfer» a— 1 of the
first type, then the se&; and the vertices (or labelb)anda — 1 satisfy the hypothesis of Lemma 2.2.

(b) Consider any pair of vertex labedsandb in a graceful tree, wherais attached to a set of vertices
whose labels are as in Lemma 2.2. After we carry out a traasferb of the first type as in lemma 2.2, the
setA, of the vertex labels df that are transferred tois of the formA; = {n+r,n+r+1,... ... LN+r2), 1 =
p—r—1with(n+r+i)+(n+r2—i) =a+b, where 0<i <[],

Further, by re-pairing the elementsAyf, we get, +r+1+i)+(n+ry—i) = a+b+1,for0<i < ['2‘—2”1].
That is the elements &%, form the sequence(+ro,n+r,n+r—Ln+r+1Ln+r,—2,,n+r+2,...).
Therefore, next if we make a transfier— a + 1, then the sef; and the verticeb anda + 1 satisfy the
hypothesis of Lemma 2.2.

(c) In this paper we carry out sequence of (successive) transféhe first type either of forrm — b —
a-l-b+l-a-2-b+2—>---—>zz=a-pyorb+p,oroftheforma—-b—-a+1—-b-1-—
a+2—->b-2----w,w=a-r;orb+r,andaccordingly the sequence of vertex labels inciderat are
consecutive integers as in Lemma 2.1 or Lemma 2.2. In viewuobbservations (a) and (b) we carry out
the sequence (successive) transfer of the firstéypeb - a-1 - b+l —-a-2 - b+2 - ---zz=a-p;
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orb+ pp(ora—-b—-a+1—-b-1-a+2—-b-2—-.--w,w=a-ryorb+r;) by applying Lemma
2.1 and Lemma 2.2 alternately beginning with Lemma 2.1(aonira 2.2)

By applying Lemma 2.1 and Lemma 2.2 alternately beginninip wemma2.1(respectively, Lemma
2.2) as discussed in observation 2.3, we get the followirgragults.

Lemma 2.41In a graceful labeling of a treeT, leta,a—1,a-2,...,a— p,b,b+1,b+2,...... b+ p2

be some vertex labels. Latbe attached to a set of vertices (or components) whose lalbesonsecutive
integers consisting a sequerge: (n,n+p,n+1n+p-1Ln+2n+p-2,...... } with maxS} = n+ p,
min{S} = n, and the sums of the consecutive term$&dadre alternately + b anda + b — 1 begining with
the suma + b — 1. By making a sequence of transfers of the firsttgpe b - a-1—-b+1—-a-2—
b+2— ... > z wherez=a- p; orb+ pz, an odd number of terms from the beginningsoére kept at

a, the next odd number of terms 8fare kept ab, the next odd number of terms Sfare kept at — 1, the
next odd number of terms & are kept ab + 1 and so on. The resultant tree thus formed will be graceful.

Lemma 2.5In a graceful labeling of atreeT, leta,a+1,a+2,...... ,a+ry,b,b—-1,b-2,...... ,b-r;
be some vertex labels. Latbe attached to a set of vertices (or components) whose labesonsecutive
integers consisting the sequerge {(n+p,n,n+p-Ln+1ln+p-2,n+2,...... } with maxS} = n+ p,

min{S} = n, and the sums of the consecutive term$&dadre alternately + b anda + b + 1 begining with
the suma + b + 1. By making a sequence of transfers of the firsttgpe b - a+1—-b-1—-a+2 —
b-2—--..-— w,wherew = a+r; orb-r,, an odd number of terms from the beginningoére kept at

a, the next odd number of terms 8fare kept ab, the next odd number of terms Sfare kept at + 1, the
next odd number of terms & are kept ab — 1 and so on. The resultant tree thus formed will be graceful.

Next we give the most significant result of this article. Here give graceful labeling to a class of
n—distant tree with degree of each non-pendant vertex exujudne end of the central path has even
degree.

Theorem 2.6A n-distant tree with the central path = Xo, X1, . . .. Xy With the following properties admits
graceful labeling.

i) Each non pendant vertex of the tree excludipghas even degree.
il) Each pendant vertex of the tree lies at a distam&®m the central path.

Proof: Let T be an distant tree withE(T)| = q and the central patHl satisfy the properties (i) and (i)
mentioned above. Let the number of neighbourspin T — H be Z, + 1 and fori = 1,2,...,m, the
number of neighbours of in T — H be Z;. Letk® = ko + ky + ko + ... + k. The number of vertices of
T at distance one frorl is 2k® + 1, i.e. an odd number. Since each non pendant vert@xatfa distance

j, 1< j<n-1fromH has an even degree, it is attached to exactly one vertex wahiatdistancg — 1
from H and an odd number of vertices which are at a distgned from H. Since number of vertices of
T at distance one frorhl is odd, and each non pendant vertex at distgnde< j < n— 1 is attached to an
odd number of vertices at distange 1, the number of vertices @f at distancg, j > 2 fromH is an odd
number, say &P + 1. Here we have = m+ X", (2k() + 1). We proceed as per the following steps to give
graceful labeling tdr.

Step:1We first form the graceful tre€(T) as shown in Figure 3 and witk(G(L))| = g+ 1, i.e we attach
a new pendant vertex, + 1 to the vertexx,, the degree of each vertex 1 < i < m, is two, andxg is
attached ta@ — mpendant vertices. We consider the following graceful ledgedf G(T).

If mis even:

m—i,v=x2i,i =O,1,2,...,m
2 0 2
g- = +1+i,v=>Xi;1,1 =0,1,2,...,
m
2
for theq — m pendant vertices adjacentxg.

N3

f(v) = (21)

m m
r,r_E+1,§+2,...,q—
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If mis odd: 1 1
m;_i’V:X2i+l5i=O51’29'~'5m;
2
Pl ivexai=onz.. 2L
f(v): q + ) = A2, 1 = PR e ) 2 (2'2)
rr—m—_1+1m—_1+2 _m—_l_l
k) - 2 9 2 ""’q 2

for theq — m pendant vertices adjacent tg. x

Let Ay be the set of all pendant vertices adjacentgon G(T). The setAy can be written a\y =
q-3 +1-sif miseven

™1 +sif misodd

Further, the elements @& are consecutive integers satisfying

{a, @y, ...,8q-m}, Where, for 1< s<q-m, as = {

g+ 1lif miseven

qif misodd 10" 1=S<

[q—m+1

as+ag-m1-s = f(Xo) + f(Xx1) = {

Step:2We keepky pairs @s,ag—m+1-19),s = 1,2,...kg, at xg and move the rest tg; and let the tree
thus formed b&;. The treeG; has the graceful labelinfby Lemma 1.6. Lef\; denote the set of vertices
in Ag that are transferred ey, i.€. Ay = {841, A2, - - - » Ag-mko -

-
q' )

x/.
o
P_N
p <
~
y A
K
1
1
:
1
1
1
:
.
1
1
e
&
]
[
©TH
-
s
+

—2 +1
Figure 3
The tree G(L) corresponding to the lobsterL for the casem is even
m-1
q- —5— -1
B Xo X X2 X3 Xm-1 Xm 7:m+ 1
\ m-1 n—1 m-1 m-—l o -0 +1
v - —— —_— q- —& +1 _ q q
2 2 2 — -1
m—1
——+1

Figure 4
The tree G(L) corresponding to the lobsterL for the casem is odd

Step:3Consider the sequence of transfers of the first types xo... = Xm = Xmi1. The elements of\;
are consecutive integers satisfying

g+ 1lif miseven
gif misodd

g-m-ky+1

forkp+1<s< 5

E}

as+ag-m1-s = f(Xo) + f(Xx1) = {

i.e the elements oA, form the sequencs; = (a,+1, 8g-m-k;» Akp+2> Bq-m-kp—1, - - -) WhOSE sums of consecu-
tive terms are alternatetyandqg+ 1 beginning with the sumg+ 1 if mis even andjif mis odd .We observe
that the labels of the vertices, 1 < i < m+ 1 of the transfer and the terms of the sequeBgeatisfy the
properties of the vertices of transfer and the sequé&wtLemma 2.5 ifmis even and Lemma 2.4 iifiis
odd. We carry out the transfef — x, — ... ... — Xm — Xms1 keeping &; — 1 terms from the beginning
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of S; at xq, the next &, — 1 terms fromS; at xo, the next Xz — 1 terms fromS; at x3, and so on. The
resultant tree, sag, thus formed has a graceful labelifigeither by Lemma 2.5 (ifn is even) or Lemma
2.4 (if mis odd).

Step:4 Let S, be the sequence of terms $f that have come to the vertex,,; after the previous step.
Obviously, the terms db; are consecutive integers, Moreover, we observe that

S (ak(l),%url, aq,k(l),%w, ak(l),r_;Jrz, aq,k(l),r_;,l, ak(l),%w+3, aq,k(l),ng,g, .- ) if miseven
> = . .
(aq,k(l),le s a.k(l),rmTlJrg, aq,k(l),le,l, ak(l),mTlJrg, aq,k(l),le,z, ak(l),mTlm, ---) if misodd

We carry out a transfety, + 1 — xm, i.e. g+ 1 — 0, of the first type and bring back all the termsSfto
Xm- Then we remove the vertex, + 1. Obviously, the new tree thus formed, $&y; is graceful.

Step:5Next consider the transfe¢, — X1 = Xm—2 — --- X — Xg — a;. We notice that sums of
consecutive terms db, areq andqg — 1 beginning with the sung. So the sequenc®, and the transfer
Xm — Xm-1 — Xm2 — -+ — X3 — Xg — @& satisfy the properties of the sequergeand the transfer
a->b—-oa+l->b-1-a+2—->b-2—----—> w,wherew=a-ryorb+r,inLemma 2.5. Using
Lemma 2.5 we carry out the transfgf, — Xm-1 — Xm2 — -+ X1 — X — & of the first type keeping
exactly one term o8, at each vertex of transfer.
Step:6Lett = er‘;i(ZK(i) +1). Consider the transfeq — ag-m — 8 — 8q-m-1 — -+ — ap, Wherep =
q-m-— % +1if tis even and‘?l +1if tis odd. LetS3 be the sequence of terms®f which have come to the
vertexa; after the transfer in step-5. We observe tBat= (ay-m-k», w2, 8g-m-k®-1, 8®+3, Qg-m-md-2,
aw.4, ). The terms ofS; are consecutive integers whose sums are alternativahydq + 1 beginning
with the sumq if mis even andy + 1 if mis odd. The sequenc®s and the transfea; — ag-m — a, —
ag-m-1 — -+ — apresemble the sequenSand thetransfet - b—-a-1—-b+l—-a-2—-b+2—----z
of Lemma 2.4 ifmis even and the sequence S and the trarssferb - a+1—->b-1—-a+2—->b-2—-

- — wof Lemma 2.5 ifmis odd. By Lemma 2.4 or Lemma 2.5 we can give a graceful labeb by
carrying out the transfea; — ag-m — @ — ag-m-1 — - -~ — & of the vertices whose labels are the terms
of Sz keeping desired odd number of terms at each vertex of thefaarHence the proof.

Example: Figure 1 is a graceful 4-distant tree satisfying the praeeiti) and (ii) of Theorem 2.6. The
graceful labeling of the tree is obtained if we proceed asspeps 1 to 6 above of the proof of Theorem
2.6. The central Path is XoX1XoX3XaXs, i.e. m= 5. Hereq = 114 ky = 1,k; = L ko = 2,ks = kg =

ks = 1; k® = 7, k@ = 13 k® = 15k®-18 Here fors = 1,2,...,109¢ q- m),as = B2 + s =
2+S,Ap = {a1,ap,...,a100} = {3, 4, ...,110 111}, A = {ak0+1, Ag+25 -+ - » aq,m,ko} = {ap,as,..., 61108} =
{4,5,...110,

S1 = (Ae+1, Bg-mkg» Big+25 Bg-m-kop-1, - - -) = (82, A108, @3, A107, - . .) = (4,110 5,109,..)
S = (aq,ku),le, Aw-_m 19, g w-m_q, A med 35 By )_mL_p, Syy_mil g, )
= (105, A, @104, @7, A103, 8g, . . .) = (107,8,106 9,105 10, - - -)

Sz = (aq—rrkm(l), A®+2, Ag-m-k®-1, K1+35 Ag-m-kD+4> - - )
= (a102 @9, A101, 210, A100, 211) = (104 11,103 12,102 14,.. )

n-1
t= Z(Zk‘j) +1)=73
j=1
Sop = % + 1= 37. The transfek; — Xp — -+ — Xm — Xmy1 in Step 3 is the transfer 3> 112 — 2 —
113— 1 —» 114 - 0 — 115 the transfexqm, — Xm-1 — -+ = X3 — Xg — a; in step 5 is the transfer

0—-114—1-1183— 2 - 112— 3; and the transfeay — ag-m — @ — ag-m-1 — -+ — apin step 6
is the transfemy — ajg9 — a» — ajgg — -+ - — agy, 1.e. the transfer 3» 111— 4 — 110— --- — 39.
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