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Abstract

We investigate E-cordial labeling for some cartesian product of graphs. We prove that the graphs K, x P,
and P X P, are E-cordial for n even while Wy, X P, and K, X P, are E-cordial for n odd.
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1. INTRODUCTION

We begin with fnite, connected and undirected graph G = (V(G),E(G)) without loops and multiple edges.
For standard terminology and notations we refer to West (2001). The brief summary of def nitions and
relevant results are given below.
Definition 1.1 If the vertices of the graph are assigned values subject to certain condition(s) then it is known
as graph labeling.

Most of the graph labeling techniques trace their origin to graceful labeling introduced independently
by Rosa (1967) and Golomb (1972) which is def ned as follows.
Definition 1.2 A function f is called graceful labeling of graph G if f : V(G) — {0, 1,2,...,Qq} is injective
and the induced function f*(e = uv) = |f(u) — f(V)| is bijective. A graph which admits graceful labeling is
called a graceful graph.

The famous Ringel-Kotzig graceful tree conjecture and illustrious work by Kotzig (1973) brought a tide
of labelig problems having graceful theme.
Definition 1.3 A graph G is said to be edge-graceful if there exists a bijection f : E(G) — {1,2,...,|E[}
such that the induced mapping f* : V(G) — {0,1,2,...,|V| — 1} given by f*(X) = X f(xy)(mod|V]),
xy € E(G).
Definition 1.4 A mapping f : V(G) — {0, 1} is called binary vertex labeling of G and f(V) is called the
label of vertex v of G under f.
Notations 1.5For an edge € = uv, the induced edge labeling f* : E(G) — {0, 1} is given by f*(e = uv) =
[f(u) = f(v)|. Then

vi(i) = number of verticesof G havinglabel i under f

e;(i)= number of edgesof G havinglabel i under f* }wherel =oorl
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Definition 1.6 A binary vertex labeling of graph G is called a cordial labeling if [v¢(0) — v¢(1)] < 1 and
ler(0) —ef(1)] < 1. A graph G is called cordial if admits cordial labeling.
The concept of cordial labeling was introduced by Cahit (1987). He also investigated several results on
this newly introduced concept.
Definition 1.7 A function f : E(G) — {0, 1} is called E-cordial labeling of graph G if the induced function
f*: V(G) - {0,1} defned by f*(v) = Y f(uv)(mod?2) is such that [vi(0) — v¢(1)| < 1 and |ef(0) —
uveE(G)

er(1)] < 1. A graph is called E-cordial if admits E-cordial labeling.

Yilmaz and Cahit (1997) introduced E-cordial labeling as a weaker version of edge-graceful labeling
and having bland of cordial labeling. They proved that the trees with n vertices, the complete graph K, and
cycle C,, are E-cordial if and only if n # 2(mod4) while complete bipartite graph Knn admits E-cordial
labeling if and only if m+ n # 2(mod4)

Devaraj (2004) has shown that M(m, n) (the mirror graph of Kmp) is E-cordial when m+ nis even while

the generalized Petersen graph P(n, k) is E-cordial when n is even. Vaidya and Vyas (2011) have proved
that the mirror graphs of even cycle Cp, even path Py, and hypercube Qy are E-cordial graphs.
Definition 1.8 Let G| = (Vi,E;) and G, = (V,, E;) be two graphs. The cartesian product of G;and G,
which is denoted by G; X G, is the graph with vertex set V = V| X V, consisting of vertices V = {U =
(ug, W),V = (V1, Vp)/u and v are adjacent in G; X Gywhenever U; = v; and U, adjacent to V, or U; adjacent to
Vi and Uy = Vo)

In this paper we have investigated some results on E-cordial labeling for cartesian product of some
graphs.

2. MAIN RESULTS

Theorem-2.1 Ky x P, is E-cordial for even n.
Proof: Let G be the graph K, x P, where nis even and V(G) = {v;j/i = 1,2,...,nand j = 1,2} be the
vertices of graph G We note that [V(G)| = 2nand |E(G)| = n? as |V(Kp)| = nand [E(Kp)| = @ .

Defne f : E(G) — {0, 1} as follows:

Forl <i,k<n

f (Vi1, Vi )= 0;
f (Via, Vie) = 1;
I; i=0(mod2
(Vi1 Vi2) ={ 0: other\(NiSE )

In view of the above defned labeling pattern fsatisfes the conditions for E-cordial labeling as shown in
Table 1. That is, K, X P, is E-cordial for even n.

Table 1

vertex condition edge condition
n vi(0) = ve(l) =n er(0)=ef(l)= 12

lllustration 2.2: The E-cordial labeling for K4 X P, is shown in Figure 1.
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Figure 1

Theorem-2.3:W, x P, is E-cordial for odd n.
Proof: Let G be the graph Wy x P, where nis odd and V(G) = {vjj/i = 1,2,...,n+ land j = 1,2} be the
vertices of graph G. We note that |V(G)| = 2(n+ 1) and |E(G)| = Sn+ las [V(Wy)| = n+ 1 and |E(W,)| = 2n.
Defne f : E(G) — {0, 1} as follows:
Forl <i,k<n+1
f (Vi Via) = 0; f (Vi2,Vie) = 1;

f(Vi,vio) =1; i=0(mod2)
=0; otherwise.

In view of the above defned labeling pattern f satisfes conditions for E-cordial labeling as shown in
Table 2. That is, W, x P, is E-cordial for odd n.

Table 2

vertex condition edge condition

n vi(0) =ve(l) =n+1 er(0) = er(1) = 2

lllustration 2.4: The E-cordial labeling for W5 x P, is shown in Figure 2.

Figure 2

Theorem-2.5:L,, = Py x P,(also known as ladder graph) is E-cordial for even n.
Proof: Let G be the graph P, x P, where nis even and V(G) = {vij/i = 1,2,...,nandj = 1,2} be the
vertices ofG. We note that [V(G)| = 2nand |E(G)| = 3n — 2. Defne f : E(G) — {0, 1} as follows:
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Forl <i,k<n

f (Vi1, Vi) = 0;
f (Vi2, Vi) = 1;
1; i=0(mod2
f(Vi1,Vi2)={ 0: other\(NiSE )

In view of the above def ned labeling pattern fsatisf es conditions for E-cordial labeling as shown in Table 3.
That is, P, X P, is E-cordial for even n.

Table 3

vertex condition edge condition

n vi(0) = vi(l) =n er(0) = ef(1) = 32

lllustration 2.6: The E-cordial labeling for P4 x P, is shown in Figure 3.
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Theorem-2.7:B,, = K| , X P,(also known as book graph) is E-cordial for odd n.

Proof: Let G be the graph K; 5 x P, where nis odd and V(G) = {vj;j/i = 1,2,...,n+ 1 and j = 1,2} be the

vertices of G. We note that [V(G)| = 2(n+ 1) and |E(G)| = 3n+ 1. Defne f : E(G) — {0, 1} as follows:
Forl <i,k<n+1

f (Vi1,Via) = 0;
f(Vi2,Vie) = 1;

I; i=0(mod2)
0; otherwise.

f(Vi1,Vi2) = {

In view of the above defned labeling pattern fsatisfes the conditions for E-cordial labeling as shown in
Table 4. That is, K| n X P,is E-cordial for odd n.

lllustration 2.8: The E-cordial labeling for K; 3 x P,is shown in Figure 4.
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Table 4
vertex condition edge condition
n vi(0) =vi(l) =n er(0) = er(1) = 4
Figure 4
3. CONCLUDING REMARKS

Here we investigate E-cordial labeling for cartesian product of some graphs. Similar results can be derived
for other graph families and in the context of different graph labeling problems is an open area of research.
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