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Abstract: The notion of n-normed space was studied at the initial stage by
Gahler (Gahler, 1965), Gunawan (Gunawan, 2001) and many others. In this
paper, we introduce some certain new generalized difference double sequence
spaces via ideal convergence, double lacunary sequence and an Orlicz function
in n-normed spaces and examine some properties of the resulting these spaces.
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1. INTRODUCTION

Let X be a non-empty set, then a family of sets I C 2% (the class of all subsets of
X) is called an ideal if and only if for each A, B € I, we have AU B € I and for
each A € I and each B C A, we have B € I. A non-empty family of sets F' C 2%
is a filter on X if and ounly if @ ¢ F, for each A, B € F, we have AN B € F and
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each A € F and each A C B, we have B € F. An ideal I is called non-trivial
ideal if I # @ and X ¢ I. Clearly I C 2% is a non-trivial ideal if and only if
F=F({) ={X/A: AcI}is afilter on X. A non-trivial ideal I C 2% is called
admissible if and only if {{z}.z € X} C I. Further details on ideals of 2% can be
found in Kostyrko, et al. [1]. The notion was further investigated by Salat, et al. [2]
and others.

By the convergence of a double sequence we mean the convergence on the Pring-
sheim sense that is, a double sequence = = (xy;) has Pringsheim limit L (denoted by
P —limz = L) provided that given ¢ > 0 there exists n € N such that |z, ; — L| <¢
whenever k,l > n [3]. We shall write more briefly as “P—convergent”.

The double sequence x = (xy,;) is bounded if there exists a positive number M
such that |zx;| < M for all k and I. Let [ the space of all bounded double such
that

12kl (oo 0y = sup || < o0

The double sequence 6, s = {(ky,ls)} is called double lacunary sequence [4] if
there exist two increasing of integers such that

ko=0,h.-=k.—k._1 > 00 asr — oo

anle:O,h_szls—ls,l—M)o as s — o0.

Notations: ks = kyls, hy s = hrfz;, 0, s is determined by

Lo ={(k,0):ky_1 <k <k, and [,_, <I<I},
kr - ls

Q.= and ¢ =q,q,.
s qs loq dr,s =dqrqg

qr =

Recall in [5] that an Orlicz function M is continuous, convex, nondecreasing
function define for > 0 such that M(0) = 0 and M(z) > 0. If convexity of
Orlicz function is replaced by M(z + y) < M (x) + M (y) then this function is
called the modulus function and characterized by Ruckle [6]. An Orlicz function
M is said to satisfy Ag—condition for all values u, if there exists K > 0 such that
M(2u) < KM(u), u> 0.

Lemma 1. Let M be an Orlicz function which satisfies As—condition and let 0 <
§ < 1. Then for eacht > §, we have M (t) < Kt6~*M (2) for some constant K > 0.

A double sequence space X is said to be solid or normal if (ax zk,;) € X, and
for all double sequences o = (ay, ;) of scalars with |ay ;| < 1 for all k,1 € N.
Let n € N and X be a real vector space of dimension d, where n < d. A

real-valued function |.,...,.|| on X satisfying the following four conditions:

(1) ||z1, 22, ..., zn]| = 0 if and only if x1, s, ..., z, are linearly dependent,

(ii) [|z1,z2, ..., Tn || is invariant under permutation,

(iil) ||ax1, 2, ..., xnl] = || |21, 22, ..., 2n||, @ € R,

(1v) [Jz1 + 2%, 22y oy || < |21, 22, o a ||+ || 2%, 22, ..y || 1S called an n—norm
on X, and the pair (X,].,...,.||) is called an n—normed space [7,8]. Normed space

was studied by Mursaleen and Mohiuddine [9,10], Mohiuddine and Lohani [11],
Mohiuddine and Alghamdi [12] and many others from different aspects.
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A trivial example of n—normed space is X = R equipped with the following
Fuclidean n—norm:

L11.--L1n
|z1, @2, ..., xn|| 5 = abs
Inl--Tpn
where z; = (1, ..., i) € R™ for each i = 1,2,... n.

2. MAIN RESULTS

Let I be an ideal of 28*N 0,5 be a double lacunary sequence, M be an Orlicz
function, p = (pg,;) be a bounded double sequence of strictly positive real numbers
and (X, ||.,...,.||) be an n—normed space. Further w (n — X) denotes X —valued

sequence space. Now, we define the following double generalized difference sequence
spaces:

w(gi)s (M, A", p, ., ..., .|l], = {a: =(2p1) €Ew(n—X):Ve >0,

1 Pk,l
(r,8) € Is — Z [M( >] >ec v el
NS

for some p > 0 and for every z1,22,...,2n_1 € X} ,

Am.’tk’l
) R1y 22y eey Bn—1

Wit (M, A™p [y ] = {:v = (z1) € w(n — X) : Ve > 0,
Pk,
1 A"z — L '
(r,s) €I, o Z [M( L, 21422, ooy Zpn—1 )] >e y€ly
T8 (k)E] s P

for some p > 0, L € X and for every z1, 22, ..., 2n_1 € X} ,

Wit (M, A" p [y o = {x = (z31) € w(n—X): 3K >0,

1 Amajk’l Pt
(r,s) €I, o Z M 21y 22y eees Pl >K el
"8 (ke
for some p > 0 and for every z1, 29, ..., 2,1 € X} ,
and
we,. [Ma Am,p, Hv ey ”]oo = {l‘ = (xk,l) cw (7’L - X) (3K > 0,
Ama’/‘k_l Pk,l
M . sy R1y Ry veey Bn—1 SK
™S (ke p

for some p > 0 and for every z1, 22, ..., 2p—1 € X} ,
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where A"z = (Amka) = (Am_ll‘kJ — Am_ll‘k7l+1 — Am_lkaJ + Am_1$k+17l+1),
(Almk,l) = (Aa:k.J) = (xk,l — Tk,l+1 — Tk+1,1 + xk+1,l+1)7 on = (a:k,l) and also this
generalized difference double notion has the following binomial representation:

st S ()

=0 j=0

If m =0 and 6,, = {(2",2%)} , we obtain

w2 (M, A" p, [l ], = w™ Mo, | ]

we? (M A" p, | ] = " [Mop, | s ]

wez [M,A™p, || e = 0™ [M,p, s I
and we, , [M,A™,p, ., ..., |HOO =w[M,p,|, - ||]Oo

which were defined and studied by Esi [13].
The following well-known inequality will be used in this study:
If0<infr pry = Ho <pry < supy,; = H < oo, D = max (1, 2H71), then

|2k + yr )™ < D {{ae " + Jyra |75}

for all k,1 € N and x5, yx,; € C. Also |zg, """ < max (1, |xkﬁl|H> for all z; € C.

Theorem 1. The sets le M A™ L s §2 [M,A™ p, ], ]
and war A p s ||]OO are linear spaces over the complex field C.
Proof. We will prove only for wéi M, A™,p, |, ., ][], and the others can be proved
similarly. Let x,y € wéis (M, A™, p,,.,]]], and a, B € C. Then
1 Am Pk,
(7',8) EIT,S:E Z |: (H y 15 225 +eey Zn—1 >:| Z% EIQ;
kel
for some p; >0
and
Am Pk,
(T,S) € Ir,s: |:M(H yk’lazlvz%“-aznfl )] ZE S IQ;
1 P2 2

Tk EL

for some pa > 0.

Since [|., ..., .|| is a n—norm and M is an Orlicz function, the following inequality

holds:
>:|Pk,l

Am Pk,l
h Z |: |a| M (H xk’l7zl7z2a---aznfl ):|
S (o )el, s la| p1 + |B] p2 P1

y 15 225 +eey Zn—1

1 { (HAm (oxp + Byr,)
la| p1 + [B] p2

hy
"8 (k) €EL

<
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)|

Am
Z |: |B‘ M <H yk,lyzlszV"azn—l
|| p1 + 18] p2 p2

+
S (ke s
Pkl
2 5 ()
(kl)eI
D Pkl
2 HH )

5 (ke

From the above inequality, we get

1
(/r?S) © IT’S N |: (H axkl +ﬂykl) 3 R1y Z2y eeey Bn—1
hes it lal p1 + 18] p2

I

D Pkl
Co(rs) €l s [ (H 21y 22y eeey Zp—1 )] > %
S (k)elns
D Am Pk,
U (rs)el,: P Z [M (H pijk’l,zl,zz,...,zn,l )} > %

(k,D)ET, s

Two sets on the right hand side belong to I and this completes the proof.

It is also easy verify that the space we, , [M,A™,p,||.,..., |||, is also a linear
space. O]
Theorem 2. For fived (n,m) € N x N, wg_ [M,p,|.,...,.||]., paranormed space

with respect to the paranorm defined by

h(nim)(x): Z ||mk,l;21732,-~-72n71”
kl=1,1

. Pn,m
+infp H > 0: S 215 22y ey Zpn—1

1
H
Pk,1
) ) =

Proof. hnm) (0) = 0 and h, m) (=) = h(n,m) () are easy to prove, so we omit
them. Let us take z,y € we,  [M,A™,p, ||, ..., [l

>
5 T’S(k,l)EIr,-,s

for some p > 0 and for every z1, 22, ..., 2n—1 € X.

1 Ay
A(z)={p>0:sup Z [ <H S 21y 22y eeey Zn—1
T8 (k)EL

V21,29, .y Zn_1 € X}

and

Ay) =

T8

TS (k) €el
V21,29, s Zn_1 € X} .
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Let p1 € A(x) and py € A(y). If p = p1 + p2, then we have

A’ITL
sup [M ("wzlezn_l )}
rs hrs (k1) p

P1
< sup
P1 + P2 rs hr,s

Am
Z |:M <H xk’lazhz%“'azn—l ):|
(ke P1
P2 A"y )}
M 215 2y eeey P .
S (|

sup
p1+ p2 7,8 hr,s (ky)elr..
Pk,1
e

Thus

1 A™ (Tr + Yr,i
h [M <H(4’_’),21722,~--32n—1
= p1 T P2
and
m,m
hnm) (@ +y) = Z |k,1 + Yh,ts 215 22, <oy 2n—1 |
k,l=1,1

Ll p1 € A(x) and py € A(y)}

+inf {(p1 + p2)
i :p1 € A(x) }

m,m
< Y ki 2122 2|+ inf { (1)

k,l=1,1

=+ Z ||yk,lv 215225 +eey Bn—1 H + inf {(pQ)
ki=1,1

Sy EA(y)}

Now, let A}, — A, where )\}jJ,A € C and h(y,m) (%%l — xk,l> — 0asu — o0

We have to show that v, ) ()\}i’lx%l — )\xk’l) — 0asu — o0o. Let A\, ; — «, where

Ak, A € Cand hy ) (m}jl — xk,l> — 0 as u — oo. Let

u 1 A™ CL' bl Pkl
A(SC ) :{pu : y R1y B2y +eey Bn—1 < la
T8 TS (g, l)eI
VZl,ZQ, ey Zn—1 € X} .
and
A(z® —x)
Pk,
Am ({L‘z’l — xk’l) o
:{pz Z M 2 ) R1y B2y +eey Bn—1 S]-v
ne S et Pu
V21,22, ey 2n—1 € X }.
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If p, € A(z") and p!, € A (2" — ) then we observe that

Am (/\%,l‘rz,l - )\:Ck,l)

M 3 R1y Ry eeey Bm—1
pu [ = A+ o A
A™ (A}ilxg’l - sz,l> A™ (Am}il - )\:vk,l>
SM y R1y B2y eeey Bn—1 -+ 3 R1y Ry eeey Bm—1
/\zlf/\'+pz|)\| Pu %J*)\‘ﬂ)zl/\l
Pu [Ny — Amgit,
S ’ Z17227'-'7Z’ﬂ71
pu M= +p o
) )\ Am (IZ’Z — LEkJ)
+ pU| | M " 3 R15 225 eeny Bn—1
pu A = A+ ot N P
From this inequality, it follows that
Pk,1
A™ ()\Z,lx}:J — /\xk,l)
M s R1y Ry eeey Bn—1 S 1
pu [N = A + o A

and consequently

h(n,m) (Az,lxkl /\iL'kl Z ||>‘k lxkl —)\l'kl,zl,ZQ,...,Zn,1||

k,=1,1
+inf{(pu|)\z’l >\|—|—pu\)\|) D py € A(z") and pluEA(x“—x)}
—)\| Z ||x}c"l,zl,22,...,zn,1H
k,=1,1
+ || Z ngl — Tk, 21, 22, “'7Z"*1H
k,i=1,1

+ (A, —Ay)""T’mmf{(pu)“T’” puEAE) )
+ (AN inf {(ot) " 2 pl, € A(a" —a) |
Smax{uwuw = A Y by (21)
o max LA ()7 i my (280 = o)

Hence by our assumption the right hand side tends to zero as u — oo. This
completes the proof. O

Corollary 1. It can be noted that h = inf,, yen h(n,m) also gives a paranorm on
the above sequence spaces. However if one consider the sequence space

w, [M, AT p ]
7
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which is larger space than the space wé2 ML A™ p |l the construction of
the paranorm is not clear and we leave it as an open problem. However it should be
noted that for a fived F € I, the space

wh (M, AT, |y e ]
:{a:: (z11) € win — X) : 3K >0, {(n,m) ENxN:

1 am
sup Z [M (H xk’lﬂhzza o #n—1
(r,5)eNxN/F Tir,s (k€I s P

Pk,
):| > K € IZa

for some p > 0 and for every z1,z2,...,2n—1 € X}

which is subspace of the space wéz M A™ | sl @8 @ paranormed space with

the paranorms hy, ny for (n,m) ¢ F' and hp = inf(, myenxn/F Pingm)-

Theorem 3. Let M, My and My be Orlicz functions. Then we have

(i) wg?  [My, A™,p, ||, oos |l], Cwy?  [MoMy, A™,p, ., ..., ][], provided that p =
(pi,1) is such that Hy, > 0.
(“') wéfb [M17Amap7 ||7 BX3) 'H]o N wéfb [M27Am7p7 ||7 ceey 'H]o

- wéi’s [Ml + M27 Am’p7 ||a (a3} -||]o .
Proof. (i). For given ¢ > 0, we first choose €, > 0 such that max {f, efl-} <e.
Now using the continuity of M, choose 0 < § < 1 such that 0 < ¢t < § implies

M(t) < e,. Let x € wéis My, A™,p,||.,...,.]l],- Now from the definition of the

space w2 [My, A™ p,|., ..., .|l], for some p >0

o’

1 A™
A((5> = <T7S> S I’r,s P Z [Ml (H xk’l,ZhZQ, A |

Pk, -
>4 e Is.
Pkl
)} <ot

Thus if (n,m) ¢ A(0) then

1 AMg
h Z |:M1 (H kayZleQa"'azn—l

7 (kD€EL s
Am Pk,
= Z |:M1 (H zk’l,zl,ZQ, ey Zn—1 ):| < hrys(SH,
(k)€ s P
Am Pk,
= {Ml <H xk’l,zl,ZQ,...,zn_l ﬂ < 6 for all (k,1) € I,
p

Amxkl
le (H D : 3 Z1y R2y oy Zn—1

Hence from above inequality and using continuity of M, we must have

Am
M <M1 ( el D) < e, for all (k1) € I,
P

) < 0 for all (k,l) € I, .

which consequently implies that

Amka
> MM Al A Fnml

(k)€

Pkl
))] < hy s max {Ef, Ef"} < by s€,
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1 Pkl
" (k)T .

This shows that

Amxk’l

y 15 %25 ey Zn—1

1 Pk,1
(s el 7 3 [M (Ml (H ))} >} C A)
(kD)
and so belongs to I5. This completes the proof
(ii) Let = € wéiw‘g My, A™,p, ., .., ], N 97‘ Mz, A p | o I, Then the
fact that
Pk,i
1 Ay '
W (M + M) <| YOI )]
D Aml‘kl prt
S Ml : 7213Z2)"'7Zn—1
hrs p
Amxk,l Pk,
+ My ||/ 21,225 1y Zn—1
hor,s P
gives us the result. O

Theorem 4. (i) If 0 <H,< p; <1, then

wg? [M,A™,p, [|oyeeese ], Cwg? [MA™ ||y, ][],
(it) If 1 < p; < H < o0, then
w§2 M, A™ ||, ..., |l], € w§2 (M, A™ p, ||y ey -1,

(3t) If 0 < pr; < qrg < o0 and gl is bounded, then

Dkl
wg? [M,A™p, ||y ], Cwg? (M A™ g | ],
Proof. The proof is standard, so we omit it. O
Theorem 5. The sequence spaces wéf LA™ sl wéQ [M,A™ p, |y ey -l
wéz (M, A™,p,|., ..., ||l and we,  [M,A™, p,|.,...,.|]l are solid.
Proof. We give the proof for only wI2 [M, A™ p,|.,...,.|],- The others can be
proved similarly. Let = € wem [M1, A L,p, |-, e -ll], and @ = (i) be a double

sequence of scalars such that |ay,| < 1 for all k,1 € N. Then we have

"

1 (ke k,1)
(Ta 5) S Ir,s : T |: <H y Rly B2y +oey Bn—1
(k,D)ETL s
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C

T A™
(r,s)€lrs: — Z {M (H ik’l,zl,zz,..‘,zn,l
"8 (k)€ p

Pk,
>:| <e € 127

where T' = maxy, {L |ak,l|H}'

Hence ax € wéf My, A" py |- l], for all double sequences o = (ag,1) with
|| <1 for all k,l € N whenever x € wéivs My, A™p, I,y Il O
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