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Abstract: This paper is concerned with the pricing of perpetual American
put options when the dynamics of the risky underlying asset are driven by
a jump diffusion with Markovian switching. By using the “modified smooth
pasting” technique, we derive an explicit optimal stopping rule and the cor-
responding value function in a closed form. Finally, we present a numerical
example to illustrate the application of the exact solution.
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1. INTRODUCTION

Though outstandingly successful as a leading-order model for an asset price, the
familiar log-Brownian paradigm falls in various ways, such as the fact that implied
volatility is not constant. To overcome these shortcomings, many different option
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valuation models with more realistic price dynamics have been proposed and tested.
An important class of stock prices is the Markov-modulated Geometric Brownian
Motion (GBM),

AX(6) = 1,0 X (1)t + 0 X (W (1), W

where y(t) € {1,---,S} is a finite-state continuous time Markov chain and W (¢)
is a standard Brownian motion. Such a GBM is also known as the GBM with
Makovian switching. Some authors call it GBM with regime switching. Here the
states of the Markov chain y(t) is called regimes which can be interpreted as the
structural changes in economic conditions, the changes in political regimes, the
impact of (macro-) economic news and business cycles, etc.. One of the important
issues in the study of Makov-modulated GBM is option pricing. There is a large
literature in this area, for example [6,8-10], a few to name.

However, empirical studies and large literature show that prices can generate
sudden, discontinuous moves. Hence it is more realistic in practice if the ‘jumps’
in the stock prices are considered. Motivated by [5], [15] and [16], in the present
paper, we consider a stock whose price is modeled as

dX(t) = pyy X (t)dt + oy X (t)dW (t) + X(t*)/ ZN(dt, dz), (2)
R
where y(t) € {1,---,S} is a finite-state continuous time Markov chain and W (¢) is

a standard Brownian motion. Here y(t) and W (¢) are defined on (2, F, P) and are
independent. Let {F; = a{(W(s),y(s))|s < t}} be an increasing family of sub-o-
algebras of F, and W (t) an F; adapted; let N(dt,dz) (corresponding to a random
point function N(t)) be a stationary JF; Poisson point process being independent of
W (t), and let N(dt,dz) = N(dt,dz) — v(dz)dt be the compensated Poisson random
measure on [0,00) X R, where v(.) is a deterministic finite characteristic measure on
the measurable space (R \ {0}, B(R \ {0})). We denote the jump size distribution
and the intensity of the compound Poisson process, F(x) and A, respectively. To
guarantee the existence and uniqueness of the solution to the equation (2), we
assume that

/R|z|21/(dz) < 0. (3)

Moreover, for a given y(t) =4, u; and o; (i = 1,- -+, S) are constants and known.
To the best of our knowledge, there is so far little on America option pricing when
stock price is modeled by (2) and our aim here is mainly to close the gap.

As we all know, a perpetual American put option is a derivative that gives its
holder the option but not the obligation of exercising a share of stock at his/her
choice of time 7 (7 > 0), with a payoff (K — X,;)* = max{0, K — X, }. Here, K is
the strike price. It is well known that under a risk neutral measure, the value of this
option is the expected discounted value of its future cash flow. For more details,
readers are referred to Elliott et al. [7]. Hence, the optimal stopping problem
becomes valuation of the value function

V(xz,i)= sup FEle " (K — X(’T))Jr | X (0) = z,y(0) = i], (4)

0<7<00

where r > 0 is the discounted factor, X (t) is given by (2), and 7 is a J; stopping
time. Elliott et al. [7] consider the pricing of a European call option when the risky
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underlying asset are driven by generalized Markov-modulated jump diffusion mod-
el. They use the regime switching generalized Esscher transform to determine an
equivalent martingale measure. Moreover, they derive a system of coupled partial-
differential-integral equations satisfied by the European option prices.

The primary purpose of this paper is to derive the explicit solution of the value
function (4) for S = 2. This is an optimal stopping problem with an infinite
time horizon and with state space {(z,i)|x > 0,i = 1,2}. The methods in this
paper depend heavily on negative real roots of the integral differential equation
and modified principle of smooth pasting. By using the modified principle smooth
pasting, we obtain a closed-form solution. We start in Section 2 to establish the
system of partial-integro-differential equation satisfied by the value function, and
analyze the form of value function. In Section 3, we establish that the proposed the
solution coincides with the value function. At last, a numerical solution is presented.

2. THE DERIVATION OF SOLUTIONS

In this section, we will analyze that the value function (4) when the risky asset X (¢)
follows the stochastic differential equation (2). Throughout the paper, we assume
that the Markov chain y(t) takes two values 1 and 2. Further, we assume that
01 # 09 and that the Markov chain has a generator of the form

A A
(o 4. )
with )\17 Ay > 0.

Recall that when the risky asset follows the Markov-modulated GBM, it is shown
that the continuation region depends on the state y(¢). It is natural to guess that
the continuation region in Markov-modulated jump diffusion model has the similar
form. In other words, we expect the existence of two thresholds z1,x2 < K, so that
the optimal stopping rule is given as

7 = inf{t > 0|(X (), y(t)) ¢ D},

where
D = {(z,9)|V*(x,i) > (K — x)+}

The set D is referred to as the continuation region. Using 7%, the corresponding
value functions are

V(@) = Ele™ (K = X (7)) 71X (0) = 2,y(t) = ]. (6)

We consider the case when D can be represented by two threshold levels x1 and
T2, i.e.,

D = {(z,1)|z € (z1,00)} U{(z,2)|x € (x2,00)}.

Notice that x; and x2 may depend on r, K, u;,0;, A;. For any x; and x2, there
are only three possibilities z1 < x2, 1 > =2, and x1 = x2. In the rest of this
Section, we discuss each of these cases and derive the values of these thresholds
x; as well as the corresponding value functions (denoted as V'(x,i) obtained from
exercising this type of stopping rule). We will then prove the optimality of these
value functions, i.e., V*(z,i) = V(z,1).
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Case 1: x; < z2 < K. At any given time ¢, if X (¢) < 21, then one should stop
immediately and obtain a payoff of (K — X (¢))*; this follows from the definition of
the continuation region. However, if X (t) < xo, with y(¢) = 1, it is not to stop until
X(t) < z1. By Ito’s formula, we can follow the value functions V' (z,1) and V(z, 2)
satisfy the following partial-differential-integral equations. For x € [z2,4+00)

,ulxv (x,1)+ 01m2V” (a: 1 )+ fR[V(x +22,1) = V(z,1)v(dz)

poxVy(z,2) + o322V (x, )—l—fR[ (x +22,2) — V(z,2)]v(dz)
—(A2 + 1)V (z, 2) + AV (z,1) =

(7)

for x € [x1, z2], we have

paaVi(@,1) + 0ia? V)i (2, 1) + [RV (e + 32,1) — V(z, 1)]v(dz)
—(M\1 + Tl)V(CC 1)+ M\ V(x,2) =0, (8)
V(z,2) =K — x;

and for x € [0, x1]
V(z,1)=V(z,2) =K —z. 9)

Now, let us solve the system (7). Inspired by Guo and Zhang [10], we introduce
the following characteristic function

91(B)g2(8) = M Az, (10)

where

D(8) = Mot r= p - 5ot - 1) - [ [(1+2)° 1] i),

92(B) = da 1 = pafi - %o%ﬁ(ﬁ -1 - /R [(142)7 = 1] v(d2).

We will see that in this case the solutions to the value functions are closely
related to the roots of

91(8) = 0. (11)

Proposition 2.1. The equation (11) has at least two real Toots, of which has a
unique negative root, say vy .

Proof. The continuity of function g1 (5) on (—o0, +00), lim ¢1(8) = lim ¢1(8) =
B——oc0 B—+o00

—o0, and the fact that g(0) = A\; +r, imply that the existence of two roots in equa-
tion (11). We conclude that equation (11) has at least two roots.
It remains to prove the uniqueness of the negative real root. Let p1(8) = A1 +r—

w1 8- 701 2B(B—1). On the half circle in the complex plane given by z = r (for r > 0

fixed) and R(z) < 0) we have |p(s)| > 2| [(1+2)v(dz)| > | [[(1+2)" —1]v(dz)|. By

Rouché Theorem, equation g1 (8) = 0 and equation p; (8) = 0 have the same number

of zeros on the interior of half circle. Since the later has a unique negative real root
1 1

50% —p1 = \/(205 — ) + 20§ (M +7)

s1 = = , this completes the proof. O
1
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For notational convenience, denote ~, the least positive root of equation (11).

Proposition 2.2. If 01, 02, A1, A2 are positive constants, then the equation

91(8)92(B) = A Az (12)
has at least four distinct roots, of which has exactly two negative roots, say (1, Ba.

Proof. We note that lim g¢1(8) = —oo, lim g¢1(8) = —oo, and ¢1(0) = Ay + .
B—+o00 B——o0

The continuity of ¢1(f) implies that there are two roots which satisfy equation
g1 (9) = 0.
Let

fB) =M +r—mB—301B(B—1) = [ [(1+2)° —1] v(dz)]
X [Mot+r—pef—3038(8—1)— [ [1+2)° —1]v(dz)] — A

Let 61, 05 be the roots of the corresponding quadratic equation

(B =h+r—m= 5ot -1 [ (1427~ 1@ =0 (1)
Clearly, the continuous function f(3) satisfies f(0) = r2+ (A1 +A2)r > 0, f(—00) >
0, f(+00) > 0 and f(#;) = —A1A2 < 0 for ¢ = 1,2. Since 610 < 0, it follows
that the equation f(8) = 0 has at least four real roots. Next, we will show the
number of negative real roots of equation (13) is two. Similarly the proof above,
put pi(B) = i +7— ;8 — %afﬁ(ﬁ —1), i = 1,2. Considering the half circle in the
complex T' = {z||z| = r, Re(z) < 0} U{z||z|] < r,R(z) = 0}, when r is sufficiently
large, it is easy to check that on the closed contour I

[p1(B)p2(B)| >
‘_ /R (14 2)" = 1] v(dz) (p1(B) + pa2(B)) + {/R [(142)7 —1] l/(dz)} — Ao

By the Rouché’s Theorem, equation

1 (B)p2(B) — / [(1+ 2)° — 1] v(dz) (2 (8) + p2(8))

R
2
R
and equation p;(8)p2(8) = 0 have the same number of zeros inside I'. This com-
pletes the proof. O
For simplicity, we number the positive roots by Bs, 84, , Bn,n > 3.

Proposition 2.3. The value function V(x,4) defined by (6) satisfy the principe of
smooth pasting.

Proof. For given y(t) = i, the risky asset process X (t) is unbounded variation. By
Proposition 7 in [1], the point 0 is regular for (—oo,0). Again by using Theorem 6
in [1], the result is followed. O
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To solve the system (7), we try the value functions of the form

V(z,1) = ZAixBi, (14)
i=1
V(z,2) = Y B, (15)
i=1
At A2

Note that when z — oo, V(x,1) and V(z,2) are bounded. Thus, the positive
powers of x should be eliminated so that

V(z,1) = AP + Aya2, (16)
V(z,2) = BiaP' 4 By, (17)

Next, we get down to solve (8). The first equation is an inhomogenous integral-
differential equation. By Proposition 2.1, we can consider the solution of the fol-
lowing form

Viz,1) = Crz" + Cox™ + ¢(x),

where 9 (z) is a special solution and 71,7, are given by Proposition 2.1.
In particular, when p; — Ay — r ## 0, one can choose

M + [ zv(dz) MK

V) = pr— A —r x+)\1+r' (18)

Now, we would like to determine Aj, Ay, C1,Co, x1,22. To this end, appropriated
boundary conditions are needed. Applying the smooth pasting at zs, condition
V(ze+,2) = V(xzo—,2) and V'(z2+,2) = V'(22—,2) imply

Bizy' + Baxy® = K — o, (19)
BlBlfL‘Ql_l + 62321‘52_1 = —1.
Similarly, the smoothness of V(z,1) at 21 and x2 yields
A1:1721 + A2x22 — Clzz:gl + 021’;2 4 1/)(172), (20)
BrA1zy T+ BaAray? T = Cimad T + Comead T+ (a2),
and
Cll"lyl + Cg.ﬁiyz + w(xl) =K — 1, (21)
"}/1011"1“ + ’YQCQZE’F + IZ?ﬂ/J/(SEl) = —2.

Combing the above three equations and following some algebraic manipulation,
we obtain an algebraic equation for z; and zo

C T Sy [ R

Ty

Fla1) = ( 11 >1 ( A ) (23)

Y —x1 — x19' (1)

where

70



Tong, J., & Zhang, Z./ Progress in Applied Mathematics, 4(2), 2012

and

FQ(.’EQ) =

1 1 -t 1 1 ll lQ -1 K — o 1,[)(172)
( "2 ) ( Bi Bo ) ( Bili  Bals > ( —T2 >_ ( T2 (22) ) '
(24)

In particular, if 3 — Ay —r % 0, where t(x1) is in the form of (18), then

Fi(z1) = a1 + asxs

and
FQ(LUQ) = b1 + baxs.

-1 rK
(11 =Y
Y2 0
A+ [ zv(dz)

B 11\ 1+ s
az = — oY 1+ A+ [ zv(dz) ’

pn1—A1—r

-1 -1 MK
b (11 11 Lo K (3]
Y2 B B2 1181 1252 0 0
o (1 TN\ N S A e =
T ow B1 P2 1181 1252 -1 W
The coefficients are given by
( A > B ( Ll el )1 < K — )
A2 1151‘%51 ZlﬂQ.ng —I2 ’
B\ [ L4
By - ZQAQ ’

(G)=(om o) (8 L) (e ),

With these coefficients, the value functions become

Here

AP AgzlP if x> a9,
V(z,1)=<¢ CiaM + Cox™ + () if 2 <z < a9, (25)
K — X lf x S T,
N leﬁl + BQ.I'B2 if x> X2,
V(x,2)—{ K-z if x < 29. (26)

Case 2: 25 < 1 < K. The derivation of this case is analogous to that of
1 < 2, and we only summarize the results below. By Proposition 2.1, we let 71,
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2 ( similar to definition of 71 and 7. In addition, denote v the least positive root)
be the two real roots of

1

M2’7+2

o+ [ 10427 = 1ulds) = Qa 1) =0,
and ¥ (z) be a particular solution to
V!(x,2) + %a%?‘/;;(a:, 2)
+ /R[V(x +x2,2) — V(z,2)v(dz) — (A2 + 1)V (2,2) + Ma(K —z) = 0.

In particular, when ps — Ay — r # 0, one can choose

- :)\2+fRzu(dz)x+ MK

w(l') Mo — )\2 —-T )\2 + r' (27)
In addition, x1, xo satisfy
-1 0 - -1 0 -
( gl x;% )Fl(xl) = < g2 :C;:Y\f >F2($2)7 (28)
where
Fi(x)) =
(550 G5 G ) (50
M2 B1 Ba Bili  Bals —I1 z1¢' (1) ’
(29)
and . B
=~ . 1 1 B K — o — ¢($2)
FQ(ZQ) - < A'Vil %2 > ( 29 —CCQ’(ZI(LEQ) > ) (30)
where [; =

fi.
In particular, if uo — Ay — 7 # 0, where t(x1) is in the form of (27), then

ﬁl(l‘l) = 51 +62x1

and _ L
FQ(LL'Q) = b1 + boxs.

Here

~ ~ -1
we(nn) |G B (6 ) (39)-(5F)
b ﬁl %2 ﬂl 62 llﬁl lgﬁg 0 0 ’
7 7 -1 zv(dz
w38 |Gok) (e ) (3)- (i
2 51 :742 51 52 1151 1252 -1 M ’
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-1 rK
(4 4) ()
71 Ve 0

(4 L) ()
2 = — ~ ~ )\2+f zv(dz) .
neow T =
The coefficients are given by

A;l . lll‘?l 121‘12 - K — X9
Ay ]\ Lpiat BBoat? —3
351 _ Z1A:1
By |\ b4y, |7
G\ _ o™ o0 ( 11 )‘1 K — 1 — (1)
Cy 0 xy ? T2 —xy — 2y (1) )

With these coefficients, the value functions become

. glxﬁl + /Tgxﬁ2 if x > xq,
V(a:,l)—{ K—2z if x < 21, (31)
§1x51 + §2$’82 if £ > xq,
V(z,2) = q Oz + Cox™ +1p(z) if 22 <z < 21, (32)
K-z if © < .

Case 3: r1 = 5 < K. In this case, the continuation region D becomes
D ={(z,i): x> z"}.
Therefore, for x > z*, we get
V(z,1) = AjzP 4 AyaP?,
V(x,2) = B1aP* + ByaP?

and V(z,1) = V(x,2) = K — z for « € [0,2*]. By smooth pasting at z*, we can
follow A; = By, Ay = Bs, and therefore, V(z,1) = V(z,2). Put V(z) = V(z,1),
then for > a*, the system (7) can be written as

wixVo(z) + %foQV;;(x) + /R V(z+z2)—V(z)v(dz) —rV(z,2z) =0

for both i = 1, 2. It is easy to check

Kozl e g
V(z)=V(z,1) =V (z,2) = (z*)P ’
K—=x if z < a*,

where z* = % and [ is the unique negative real root of

wi + 10? (B-1)+ /R[(l +2)% —1w(dz) —r = 0.
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3. A VERIFICATION THEOREM

In this section, we will show that the value functions derived in the previous Section
is optimal. For any v(x,i) such that v(.,i) € C*(R), define

Av(x,i) = xulw + ;.]320'1»28 gi ) / {v(z + z2,7) — v(z,4)} v(dz)
+Xi(v(z,3 — i) —v(z,4)) — ro(z,i).

Theorem 3.1. Suppose that (22) (resp. (28)) has a solution (x7,x%) such that
0<zi <K and 0 < x5 < K. Define

D= {(,’L‘7Z)|’U($,Z) > (K - $)+}7
S= {(:L’,’L)|.’E >0,1= 112}7
If we can find a function v: S — R such that
v(x,i) € C*(S\ 0D)NC(S) (33)
v(z,i) > (K —2)" on S, (34)
Av(z,i) <0 on S\ 0D, (35)
Av(z,i) <0 on D, (36)

Moreover, assume
7p = 1inf{t > 0|(X(t),y(t)) ¢ D} < ¢ a.s. for (x,i) € D. (37)

Then
and

18 an optimal stopping time.

Proof. Tt is easy to see that v(co,i) =0, i = 1,2, and

D = {(z, Dl € (&},00)} U{(z,2)| € (a5,00)}.

Let 7 be any stopping time. By a smooth approximation approach for variational
inequalities in Jksendal and Sulem [16] we can assume that v(.,i) € C2. Then by
the Dynkin formula applied to 7, := min(7,k); k= 1,2, -, we have,

E@I[o(X(m)] = v(a, i) + E@D [ /0 " AU(X(TS))ds} .

Hence by (35) and the Fatou lemma

v(z,i) > liminf E@9[u(X (1))

k—o0

> E@I(K - X()")).

Hence '
v(z,i) > E@V e (K — X ()], (38)
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To show the optimality of 7, if we apply the above argument to 7 = 7p, then
by (36) and (37) we get equality in (38), such that

v(w,i) < Ele™ (K — X(r7))"].
Combining this with (38), we have v(z,7) = E[e~"" (K — X (7*))*]. This completes

the proof.
From the discussion of the previous Sections, it is easy to check that the value
functions V(x, %) satisfy all the conditions of Theorem 3.1. O

4. A NUMERICAL EXAMPLE

In this Section, we present a numerical example. We assume the jump size of
stock process follows the Pareto distribution F(z) = 1 — (14 2)72, A = 1, that is

v(dz) = (1+22)3d2~ Then the equation (13) can be rewritten as
f(ﬁ) = |:()\1 +T)_(,U1+%O'$)B 0162+1+ﬂ22:|
e O R LS T DO

Let
r=0.25,01 = 15,00 = 16, \; = 50, Ao = 150, 1 = 30, uo = 50, K = 5.

After some calculations, we find the following thresholds: z7 = 0.0509,z5 =
0.0672 and the corresponding value functions:

0.000172~0-99371 | 4 68250 ~0-01499
if 2 > 0.06725,

V(z,1) =< 0.007622~0-39855 4 22094811388 — 249383z + 4.97512
if 0.05098 < = < 0.067,
5—x if < 0.0509,
Vir.2) = { —0.004920-99371 4 4. 74002 =0-0149 if 2 > 0.067,
’ 5—x if x < 0.067.

The numerical results are plotted in Figure 1 (a). In contrast, the value functions
with A\; = 55, other parameters as in the example above. It can be seen from Figure
1, V(z,2) > V(z,1).

5. CONCLUSIONS

In this paper, we derive an explicit formula for perpetual American put options
on an asset whose price is modeled by jump-diffusions with Markovian switching.
This model can be viewed as generalization of Markov-modulated GBM and jump-
diffusions without regime switching. Our method provides a sufficient condition to
find the explicit solution in this model. This techniques we use provide a way to
discussion a high order integro-differential equation that often arises in the asset
pricing theory. Although the value functions presented are still hard to find the
exact solutions, this formula lays a theoretic base to numerical approximation.
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‘- V(x,1) ‘ ‘ ‘ ‘- V(x,1)
V(x,2) | 4.95 V(x.2) |

1 2 3 . 5 0 1 2 3 . 5
(a) Al = 50, )\2 =150 (b) )\1 = 55, )\2 = 150

Figure 1
Value Functions
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