@CS Canada ISSN 1925-251X [Print]

Progressin Applied Mathematics ISSN 1925-2528 [Online]
Vol. 3, No. 2, 2012, pp. 1-6 www.cscanada.net
DOI: 10.3968/j.pam.1925252820120302.125 www.cscanada.org

Ricci Solitonsin f-Kenmotsu M anifolds and 3-Dimensional
Trans-Sasakian Manifolds

H.G. Nagaraja'*; C.R. Premalatha!

' Department of Mathematics, Bangalore University, Central College Campus, Bengaluru, 560001, INDIA
*Corresponding author.
Address: Department of Mathematics, Bangalore University, Central College Campus, Bengaluru, 560001, INDIA

Received November 2, 2011; accepted March 13, 2012

Abstract

In the Present paper we study Ricci solitons in trans-sasakian manifolds. In particular we consider Ricci
solitons in f-Kenmotsu manifolds and we prove the conditions for the Ricci solitons to be shrinking, steady
and expanding.
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1. INTRODUCTION

In [10], Ramesh Sharma started the study of the Ricci solitons in contact geometry. Later Mukut Mani Tri-
pathi [11], Cornelia Livia Bejan and Mircea Crasmareanu [3] and others extensively studied Ricci solitons
in contact metric manifolds. A Ricci soliton is a generalization of an Einstein metric and is defned on a
Riemannian manifold (M, g) by

Lvg+ 2Ric+24g =0, (1.1)

where V is a complete vector f eld on M and A is a constant. The Ricci soliton is said to be shrinking, steady
and expanding according as A is negative, zero and positive respectively. If the vector feld V is the gradient
of a potential function f then g is called a gradient Ricci soliton and (1.1) takes the form,

VVf =Ric+ Ag.

Perelman [9] proved that a Ricci soliton on a compact n-manifold is a gradient Ricci soliton. In [11],
Ramesh Sharma studied Ricci solitons in K-contact manifolds, where the structure feld ¢ is killing and he
proved that a complete K-contact gradient soliton is compact Einstein and Sasakian. M. M. Tripathi [11]
studied Ricci solitons in N(K)-contact metric and (K, i) manifolds. Motivated by the above studies on Ricci
solitons, in this paper, we study Ricci solitons in an important class of manifolds introduced by Kenmotsu
in [6].
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2. PRELIMINARIES

A (2n+1) dimensional smooth manifold M is said to be an almost contact metric manifold if it admits an
almost contact metric structure (¢, &, 77, g) consisting of a tensor feld ¢ of type (1,1), a vector feld &, a
1-form 7 and Riemannian metric g compatible with (¢, &, n) satisfying

D=l +n®E nEé) =1, ¢¢=0, nod =0 (2.1
and
9(¢X, ¢Y) = 9(X, Y) = n(X)n(Y). (2.2)
An almost contact metric manifold is said to be an f-Kenmotsu manifold if

(Vx@)Y = f[9(¢X. Y)& = ¢(X)n(Y)], (2:3)

where f € C®(M) is strictly positive and df A n = 0 holds.
From (2.3) we have

Vxé = 1 (X =n(X)é). 2.4)
An almost contact metric manifold is called a trans-Sasakian manifold [4] [8] if
(Vx@)Y = a(9(X, Y)é = n(Y)X) + BQ($X, Y)§ — n(Y)$X), (2.5)

for some smooth functions & and S on M.

3. RICC| SOLITONSIN F-KENMOTSU MANIFOLDS

Let M be an n dimensional f-Kenmotsu manifold and let (g, V, 1) be a Ricci soliton in M. Let{g},1 <i <n
be an orthonormal basis of TpM at P € M. Then from (1.1), we have

S=-(1g+ %ng). (3.1
From (2.4), we have
(Leg)(X, Y) = F[9XY) = n(X)n(Y)]. (3.2)
From (3.1) and (3.2), we have
S(X.Y) = —Ag(X, Y) = f[9(X, Y) — n(X)n(Y)]. (3.3)
It is easy to verify from (3.3) that
S(@X,Y) = =S(X, ¢Y) (3.4)
and
S(£,8) = -4 (3.5)
From (2.3) and (2.4), we fnd that
RO Y)E = F2[O)Y = n(NX] + (YF)¢* X = (XF)g?Y (3.6)
and
S(X.&) = —=[(n= Df? + £f1n(X) = (n = 2)X(). (3.7)
From (3.7), we obtain
S &) = —(n- D[? +£f]. (3-8)
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Comparing (3.5) and (3.8), we obtain
A=(n-1)(f2+&f) (3.9)

From (3.9), it is clear that A is positive if f is a constant. Thus we have

Ricci soliton in a f-Kenmotsu manifold is expanding, provided f is a constant.

Suppose f is not a constant. If {g} is an orthonormal basis of TpM at P € M, then taking X = Y = g in
(3.3) and summing over 1 <i < n, we get

r=-an-f(n-1), (3.10)

where I is the scalar curvature.
Differentiating (3.10) covariantly w.r.to X, we get

X = —=(n—1)X;, 3.11)
where
X = Vxr, Xi= fo.

From (3.3), we have
QX = —AX — f(¢*X). (3.12)

In view of (2.5), differentiation of (3.12) yields
(VQX = Y(¢?X) - £27(X)¢°Y + FD(X, V)&,

Contracting the above equation with respect to Y, we get

(divQ)X = (¢*X) + f2(n = Dn(X). (3.13)
Using (3.11) and the identity
@vQx =2,
we obtain
(n=3)(Xf) = =2 + (n- DHfHn(X). (3.14)
Putting X = £ in (3.14), we get
ff+2f2=0. (3.15)
Using (3.15) in (3.9), we get
A=—((n-Df?,

i.e. 4 < 0 or the Ricci soliton g is shrinking. Thus we have
Theorem 3.1. Ricci solitonin an f-Kenmotsu manifold,where f isa non-constant is shrinking.
From (2.3), we have

R(X, Y)$Z = ¢(R(X, V)2) + XF[9(8Y, 2)¢ - ¢(V)n(2)]
+ £29(8Y, Z)(X = n(X)é) - F2g(eX, Y)n(2)é
+ E2o(Xn(n2) - F26()9(@X. $Z)
+ f9(@X. VvZ)¢ - (YD[9($X. 2)é — p(X)n(2)] (3.16)
- 296X, 2)(Y - n(YV)€) + F29(8Y. X)n(2)&
= P2o(Nn(Xm(2) + F(X)g(¢Y. $2)
— f9(pY. Vx2)¢ — TY(¢(VxY), 2)¢ + Tg(d(VyX), 2)¢.
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For f = 1, the equation (3.16) yields

ROX, V)$Z =¢(R(X, Y)Z) — 9(#Y, Z)¢*X — 29(¢X, Y)(Z)¢ — 9(X, Z)pY
+ 9(¢X, VY2)é + 96X, 2)p°Y + (Y, Z)pX
— 9(9Y, VX2)¢ — g(d(VxY, 2)€ + g(P(VyX), Z)E.

Contracting the above with respect to W, we get
"RIX, Y, ¢Z, W) =g(R(X, Y)pZ, W)
=g((R(X, Y)2), W) = g(¢Y, Z)9(¢*X, W) — 29(¢X, Y)n(Z)n(W)

— 9(X, Z)9(@Y, W) + g(@X, VyZ)n(W) + g(¢X, 2)g(¢*Y, W) + g(Y, Z)g(4X, W)
= 9(@Y, VxZ)n(W) = g(¢(VxY), Z)n(W) + g($(VyX), Z)n(W).

Taking X = W = g and summing over 1 <i < nin the above equation, we get

S(Y.¢2) =" C(R(Y,2)) + (f + N = 2)g(¢Y. Z) + 9($Z. V:Y) - 9(¢Y. V2), (3.17)
where _

'C(R(Y.2)) = 9(¢('R(e, Y)2)e)).
From (3.4) and (3.17), it is easy to see that
'C(R(Y.2)) = ~'C(RZ Y)).
From (3.3) and (3.17), we obtain
'C(R(Y.2)) = (A~ (N~ 2)Y($Y. 2) ~ 9Z VeY) + (Y. Ve2). (3.18)

Thus we have _
Theorem 3.2. InaKenmotsu manifold (M", g), where g isa Ricci soliton, 'C(R(Y, Z)) isgiven by (3.18).
Lie derivation of (3.3) yields

(LeS)Y.Z) = —2f(a + HY@Y. ¢2) + f[n(VeYIn(Z) + n(VeDn(Y)]. (3.19)
Taking Y = Z = g in (3.19), and summing over 1 < i < n, we obtain
—&r+2fr =2f(n= 1) (2 +&f) = —2f (A + F)(n-1).

Now for f = 1, this yields
Jér—r
n-1"
As it is well known that for a Kenmotsu manif 1d the curvature r is negative. Hence A is positive for constant
r. Thus we have,
Theorem 3.3. A Ricci soliton in a Kenmotsu manifold of constant curvature is expanding.

A=

4. RICCI SOLITONSIN 3-DIMENSIONAL TRANS-SASAKIAN
MANIFOLDS

Suppose (M", @) is a 3-dimensional trans-Sasakian manifold and (g, V, 2) is a Ricci soliton in (M", g). If V
is a conformal killing vector feld, then

Lvg = pg, 4.1
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for some scalar function p.
Now from (3.3), we have

S(X.Y) = (<2 + £)gx V),
QX = (-1+ g)x

and o
r=3-1+ E).

As it is well that in a 3-dimensional trans-Sasakian manifold, the curvature tensor Ris given by
R(X, Y)Z =[S(Y,2)X - S(X, 2)Y + &(Y, Z)QX - g(X, 2)QY]
- Sl DX - gX. 2)V]
Using (4.2), (4.3), (4.4) in (4.5), we get
RX.Y)Z = (24 +p) - NGV 2X - gX 2)Y].
In a trans-Sasakian manifold, R(X, Y)¢ is given by

R(X, V)€ =(a = B)n()X = n(X)Y) + 2aB((Y)$X = 1(X)¢Y)
~ (Xa)pY + (Ya)pX — (XB)P*Y + (YB)$*X.

Taking X = Z = ¢ in (4.6) and comparing it with (4.7) with X = &, we get

(@ = ) = &8+ SNIW) = g, W)] = 0.
This implies
r =266 -2(* - )

From (4.4) and (4.8), we have
64 =p - 4[EB - (a* - )]

From (4.9), we have

4.2)

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

(4.8)

4.9)

Theorem 4.1. Ina3-dimensional trans-Sasakian manifold, a Ricci Soliton (g, V, 1), where V is conformal

killingis
i) expanding for p > 4(£8 — (o - 8%))
i) shrinking for p < 4(£8 — (o - %))
and iii) is steady for p = 4(£8 — (a? — %))
Taking 8 = 0 in (4.9), we get p = —4a? if and only if A = 0.
Since p is positive, A cannot be zero. Thus we have

Theorem 4.2.  ARicci soliton (g, V, 1) in an a-Sasakian manifold, where V is conformal killing cannot be

steadly.
Let (M", g) be a f-Kenmotsu manifold. Then from (4.2), we have

RS = S(R(X, Y)Z W) + S(Z R(X, )W)
= (-+ g)[gm(x, Y)Z, W) + g(R(X, Y)W, 2)
= (-4 + SR YX.Z W)+ RX X W 2)] = 0,

i.e (M", g) is Ricci semi-symmetric.
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Conversely suppose RS = 0, i.¢
S(R(X, Y)Z, W) + S(Z, R(X, Y)W) = 0. (4.10)
Taking f = 1in (3.6) and (3.7), we get
R(X, Y)é = n(X)Y —n(Y)X, (4.11)

S(X, &) = —(n— Dn(X). (4.12)
Taking W = ¢ in (4.10) and using (4.11) and (4.12), we obtain

S(Y.2) = ~(n- DY(Y. 2).

Substituting this in (3.1), we get
(Lvo)(Y. 2) = pg(Y. 2)
where p = 2((n—1) — ). i.e V is conf rmal killing. Thus we have

Theorem 4.3. Let (g, V, 2) bea Ricci soliton in a Kenmotsu manifold (M", g). Then (M", g) is Ricci-semi
symmetric if and only if V is conformal killing.
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