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Abstract

We introduce the Jungck-multistep-SP iteration and
prove some convergence as well as stabiilty results for
a pair of weakly compatible generalized contractive-
like inequality operators defined on a Banach space.
As corollaries, the results show that the Jungck-SP and
Jungck-Mann iterations can also be used to approximate
the common fixed points of such operators. The results
are improvements, generalizations and extensions of the
work of Chugh and Kumar (2011). Consequently, several
results in literature are generalized.
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INTRODUCTION

Most physical systems whose equations are of the form
flx) =y, can be formulated by transforming the equation
into a fixed point equation x = 7x and then apply an
approximate fixed point theorem to get information on
the existence and uniqueness of fixedpoint, that is, the
solution of the original equation. The Picard, Mann,
Ishikawa, Noor and multistep iterations have been
commonly used to approximate the fixed points of several
classes of single quasi-contractive operators. For example
see Berinde (2004), Chatterjea (1974), Kannan (1969) and
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Zamfirescu (1972).

Let X be a Banach space, K, a nonempty convex subset
of Xand 7': K— K a self map of K.

Definition 1.1. Let x, € K. The Picard iteration scheme
{X,, }f:o is defined by

X, =1x,, n>0 (1.1)

Definition 1.2. For any given x, € K, the Mann
iteration scheme (Mann, 1953) {X, }fzo is defined by

=0 -a,)x,+a,Ix, (1.2)

where {¢ }”  is areal sequence in [0,1] such that
2 %=,

Definition 1.3. Let x, € K. The Ishikawa iteration
scheme (Ishikawa, 1974) {Xn }fzo is defined by

X0 =1 —a,)x,+ a1y,

Vo= =B)x,+ B,Tx, (1.3)

where {@,}, .{f,}._, are real sequences in [0,1]

such that Z::O a, =0,

Observe that if 8,= 0 for each n, then the Ishikawa
iteration process (1.3) reduces to the Mann iteration
scheme (1.2).

Definition 1.4. Let x, € K. The Noor iteration (or
three-step) scheme (Noor, 2000) {xn }f;o is defined by

X0=0 —a)x, + a1,

Y= (1 _ﬁn)xn + ﬂnTZn

le = (l - y")xﬂ + ;/nTxn

(1.4)

where {&,}_ 0,48, } 017, oo are real sequences in

[0,1] such that Z:;O a,=m,

Observe that if y,= 0 for each n, then the Noor iteration
process (1.4) reduces to the Ishikawa iteration scheme
(1.3).

Definition 1.5. Let x, € K. The multistep iteration
scheme (Rhoades & Soltuz, 2004) {x,} ", is defined by

X = (1 —a,)x,+ a1,

yi”: (l _ﬂin)xn +ﬂin73)ni+l > = 19 29 -~~»P—25

ynp71 = (1 _ﬂnpil)xn +ﬁnp71Txn » P >2

(1.5)
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where {«, };1‘0:0’{ﬂri },i=1,2,...p—1 are real sequences

in [0,1] such that 210 a, =0,

Observe that that the multistep iteration is a
generalization of the Noor, Ishikawa and the Mann
iterations. In fact, if p = 1 in (1.5), we have the Mann
iteration (1.2); if p =2 in (1.5), we have the Ishikawa
iteration (1.3) and if p = 3, we have the Noor iterations
(1.4).

One of the most general quasi contractive operators
which has been studied by several authors is the
Zamfirescu operators.

Suppose X is a Banach space. The map 7 : X —=> X is
called a Zamfirescu operator if

T = To11< h max e — | 2= 2o B

lx = T3] + dlly — Tx|| !

2

where 0 <A< 1 (Zamfirescu, 1972).

It is known that the operators satisfying (1.6) are
generalizations of Kannan maps (Kannan, 1969) and
Chatterjea maps (Chatterjea, 1972). Zamfirescu (1972)
proved that the Zamfirescu operator has a unique fixed
point which can be approximated by Picard iteration (1.1).
Berinde (2004) showed that Ishikawa iteration can be used
to approximate the fixed point of a Zamfirescu operator
when X is a Banach space while it was shown by Olareru
(2006) that if X is generalised to a complete metrizable
locally convex space (which includes Banach spaces), the
Mann iteration can be used to approximate the fixed point
of a Zamfirescu operator. Several researchers have studied
the convergence rate of these iterations with respect to
the Zamfirescu operators. For example, it has been shown
that the Picard iteration (1.1) converges faster than the
Mann iteration (1.2) when dealing with the Zamfirescu
operators. For example, see Popescu (2007). It is still a
subject of research as to conditions under which the Mann
iteration will converge faster than the Ishikawa or vice-
versa when dealing with the Zamfirescu operators.

Jungck was the first to introduce an iteration scheme,
which is now called Jungck iteration scheme (Jungck,
1976) to approximate the common fixed points of what
is now called Jungck contraction maps. Singh et al.
(2005) introduced the Jungck-Mann iteration procedure
and discussed it’s stability for a pair of contractive maps.
Olatinwo and Imoru (2008), Olatinwo (2008) built on
that work to introduce the Jungck-Ishikawa and Jungck-
Noor iteration schemes and used their convergences to
approximate the coincidence points (not common fixed
points) of some pairs of generalized contractive-like
operators with the assumption that one of each of the pairs
of maps is injective. However, a coincidence point for a
pair of quasicontractive maps need not be a common fixed
point. In 2010, Olaleru & Akewe (2010) introduced the
Jungck-multistep iteration and show that its convergence
can be used to approximate the common fixed points of

(1.6)
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thosepairs of contractive-like operators without assuming
the injectivity of any of the operators. Hence the iterative
sequence considered in Olaleru and Akewe (2010) is a
generalization of the those used in Olatinwo and Imoru
(2008) and Olatinwo (2008). The fact that the injectivity
of any of the maps is not assumed in Olaleru and Akewe
(2010) and the common fixed points of those maps are
approximated and not just the coincidence points make
the corollary of the results in Olaleru & Akewe (2010)
an improvement of the results of Olatinwo (2008),
Olatinwo and Imoru (2008). Consequently, a lot of results
dealing with convergence of Picard, Mann, Ishikawa and
multistep iterations for single quasicontractive operators
on Banach spaces were generalized. Several stability
results are proved in literature, some of the authors whose
stability results are of paramount importance in fixed point
iterative processes are: Bhagwati & Ritu (2011); Chugh &
Kumar (2011); Olatinwo (2008); Osilike (1995); Singh et
al. (2005).

PRELIMINARIES

Let X be a Banach space, Y be an arbitrary setand S, 7: Y
— X such that 7(Y) < S(Y).

Then we have the following definitions.

Definition 2.1 (Jungck, 1976). For any x, € Y, there
exists a sequence {X, }_, € ¥ such that Sx,., = Tx,. The

Jungck iteration is defined as the sequence {Sx }~  such
that

Sx,,=Tx,,n>0 2.1)

This procedure becomes Picard iteration when Y= X
and S= I, where I, is the identity map on X.

Similarly, the Jungck contraction maps are the maps S,
T satisfying

d(Tx, Iy) <k d(Sx, Sy), 0<k<1forallx,y € Y (2.2)

If Y= X and S= [, then maps satisfying (2.2) become
the well known contraction maps.

Definition 2.2 (Singh et al., 2005). For any given u, €
Y, the Jungck-Mann iteration scheme {Su, },_ is defined
by

Sx,0 = (1- ,)Sx, +a, Tx, (2.3)

where {@,}_, are real sequneces in [0,1] such that

a,=w,

T)Oeﬁnition 2.3 (Olatinwo & Imoru, 2008). Let x, € Y.
The Jungck-Ishikawa iteration scheme {Sx, }"_ is defined
by

S%,1 = (1= @,)Sx, +a, 1y,

Sy, =(1-,)8x, + B,Tx, 2.4)

where {&, }*_,{f,},_, are real sequences in [0,1]

such that Z:zo o, =0o.
Definition 2.4 (Olatinwo, 2008). Let x, € Y. The

Jungck-Noor iteration (or three-step) scheme {Sx }” is
defined by
anﬂ = (1_ an)an +anTyn




Syn = (l_ﬂn)an + ﬂnTZn
Szn: (1 - 7/11)an + )/nTxn

2.5)

where {a }7 {8, }>,and {,}._, are real sequences

in [0,1] such that ), e, =oo.

Definition 2.5 (Olaleru & Akewe, 2010). Let x, € Y.
The Jungck-multistep iteration scheme {Sx, } _ is defined
by

§x,0= (1 - a,)8x,+ a, 19,

Sy, = =B )Sx, + 8,1, ,i=1,2, ..., k-2,

S, = (1=, 5, T, p=2

where {a,}* ,{f},i=1,2,...k —1are real sequences

n=0°
in [0,1] such that

Observe that that the Jungck-multistep iteration is a
generalization of the Jungck-Noor, Jungck-Ishikawa and
the Jungck-Mann iterations. In fact, if k=2 and g ' =0in
(2.6), we have the Jungck-Mann iteration (2.3); if k=2 in
(2.6), we have the Jungck-Ishikawa iteration (2.4) and if
k =3, we have the Jungck-Noor iterations (2.5).

Observe that if X = Y and S= [, then the Jungck-
multistep (2.6), Jungck-Noor (2.5), Jungck-Ishikawa (2.4)
and the Jungck-Mann (2.3) iterations respectively become
the multistep (1.5), Noor (1.4), Ishikawa (1.3) and the
Mann (1.2) iterative procedures.

Definition 2.6 (Chugh & Kumar, 2011). Let x, € Y.
The Jungck-SP iteration scheme {Sx, }_, is defined by

8,0 = (1 —a,)Sx, + o, T3,

Syn = (1 _ﬂzz)Szn + ﬂnTZ”

Sz,= (1 = )8, + y.Tx,

(2.6)

0
Z % =%

2.7)

where{e, }* ,{f,}., and{y,}._,are real sequences

in [0,1] such that Z:’:O a, =o.
We now consider the following conditions. X is a

Banach space and Y a nonempty set such that 7'(Y) c S(X)
and S,7:Y — X.For x,yeY and h€(0,1):

| T =Ty |I< b max{]| Sx— Sy || Selsr ) isenisisr-rey 2.8)

| Tx =Ty |[< h max{]| Sx = Sy ||, S=ERDL | §x - 7y || || Sy

1S =Ty [l Sy =Tx[[5, (29)
[ Tx=Tyl= o] Sx =Syl +L | Sx—Tx|l,

L>0,0<8<1 (2.10)
| Tx—Ty || BB 0<5< LM 20 (2.11)

| Tx =Ty |[< 5 || Sx— Sy || +4(| Sx—Tx|)), 0< 5 <1(2.12)

where@ : R, — R is a monotone increasing sequence
withg(0)=0.

Remark 2.7. Observe that if X = Y and § = [, (2.8) is
the same as the Zamfirescu operator (1.6) already studied
by several authors; (2.9) becomes the operator studied
by Rhoades (1976); while (2.10) becomes the operator
introduced by (Osilike, 1995). Operators satisfying (2.11)
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and (2.12) were introduced by Olatinwo (2008).

A comparison of the four maps show the following.

Proposition 2.8 (Olaleru and Akewe, 2010). (2.8)=
(2.9)=(2.10)=(2.11)=(2.12) but the converses are not
true. For details of Proof see Olaleru and Akewe (2010).

Bosede (2010) proved some convergence results for
the Jungck-Ishikawa and Jungck-Mann iteration processes
by using the following more general contractive condition
than the Zamfirescu operator

| Tx~Ty||< "S5 || Sx— Sy || +25 || Sx T |1,

0<o<1 (2.13)

forall x,y €Y where L>0.

Motivated by the work of Bosede (2010), Chugh and
Kumar (2011), introduced the following contractive-like

inequality operators and proved strong convergence and
stability results for the Jungck-SP iterative scheme (2.7).

| Tx =Ty |I< "> ™[5 || Sx = Sy || +25 || Sx—Tx|[],
0<5<l1 (2.14)

forall x,y €Y where L>0 and ¢:R, >R, isa
monotone increasing sequence with ¢(0)=0.

However, inspired by the work of Chugh & Kumar
(2011), we introduce the following Jungck-multistep-SP
and use it to approximate the common fixed point using
the contractive condition (2.14).

Definition 2.9. Let x, €Y. The Jungck-multistep-SP
iterative process {Sx,},_, is defined by

anﬂ = (1 - an)Syln + anzynl

Syin: (1 _ﬂin)SynHl + ﬁinTynHl H lzl) 2; (AL} k_za

Synkil = (1 _ﬂnkil)an +ﬂr1]€71]-'x)1 s p 2 2

where {a, }"_, {B.},1=1,2, ..., k-1, are real sequences
in [0,1) such that )" e, =o0.

Observe that (2.1§5 gives (2.7) if k=3.

We need the following definition.

Definition 2.10 (Abbas and Jungck, 2008). A point
x e X is called a coincident point of a pair of self maps
S, T if there exists a point w (called a point of coincidence)
in uch that w = Sx = Tx. Self-maps S and T are
said to be weakly compatible if they commute at their
coincidence points, that is, if Sx = Tx for some xe€ X ,
then S7x = TSx.

Chugh and Kumar (2011) proved that the Jungck-SP
converges to the coincidence point of S,7 defined by (2.14)
when S is an injective operator. It was shown in Olatinwo
(2008) that the Jungck-Ishikawa iteration converges to the
coincidence point of S,7 defined by (2.12) when S is an
injective operator while the same convergence result was
proved for Jungck-Noor when S,7 are defined by (2.11)
(Olatinwo, 2008). (We note that the maps satisfying (2.9)
and of course (2.10)-(2.14) need not have a coincidence
point (Olaleru & Akewe, 2010)). We rather prove the
convergence of Jungck-multistep-SP iteration (2.15)
to the unique common fixed point of S,T defined by

(2.15)
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(2.14), without assuming that S is injective, provided the
coincidence point exist for S,7.

Lemma 2.11 (Berinde, 2004): Let 0 be a real number
satisfying 0 <6 < 1 and {g,},_, a sequence of positive
numbers such that /im,e, = 0 then for any sequence of
positive numbers {u, W nfty,_, satistying u,,, < du,+e,, n =
0,1,2,..., we have lim,u, = 0.

MAIN RESULTS

Theorem 3.1. Let X be a Banach space and S,7: Y — X for
an arbitrary set Y such that (2.14) holds and 7(Y) < S(Y).
Assume S and 7T have a coincidence point z such that 7z =
Sz = p. For any x, € Y, the Jungck-multistep-SP iterative
process (2.15) 18X, },_, converges strongly to p.

Further, if Y = X and S,7 commute at p (i.e. S and T
are weakly compatible), then p is the unique common
fixed point of S, 7.

Proof. In view of (2.14) and (2.15) coupled with the
fact that 7z = Sz = p, we have

8%, ==l A1-2,)Sy, +a,Tv, - (1-a, +a,)p |
<(1-a)1S,-pl+e, 1Ty, - pll
<(-a) Sy, -pl+e, | Tz=Ty, |
<(-a,)| Sy, - pl+a,e" 5| Sz Sy, [|3:D
+4(|| Sz -1z |])]
=(-a,)||Sy, - pll+da,| p=~Sy,|
=[l-a,0-0Sy, -l

An application of (2.15) and (2.14) give

Sy, =Pl A=B)ISys =PI+, 1 T2 =Ty, ||

<(A=B)NISy, ~plI+B," S| Sz Sy |
+(|| Sz =Tz )] (3.2)
=(1=B)ISy, = plI+B, [l =Sy, |
=[1-4,0-]l Sy, - pl
An application of (2.15) and (2.14) also give

18y, =PI A= BN Sy =PI+, | T2 =Ty, ||
SA=BIN Sy, = pl+Be" S| Sz =Sy, |
+p(|| Sz =Tz )] 3.3)

==y, = plI+B, || p—Sv,
=[1-B2(1-5)I| S - pll
Similarly, an application of (2.15) and (2.14) give

18y, =Pl A=B)IISy, = plI+8, I T2= Ty, |
SA=B)IISy, = pll+Be" =[S | Sz =Sy, |
+9(|| Sz =Tz [))]
=(=B)IISy, = pll+3B, I p =Sy,
=[1-B,A-ISy, -pl

Continuing the above process we have

(3.4)

Copyright © Canadian Research & Development Center of Sciences and Cultures
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8%, = plI<[1-a, A== B,(1-5)]

[1-B:(1-8)][1-B;(1-5)] (3.5)
=B A=O1Sy, T -l
An application of (2.15) and (2.14) also give
1Sy, =plI<A=B)1Sx, —pll+8,7" | T2 - Tx, |
<=8, —pll
+,7 e[S || Sz Sx, || +4(1| Sz Tz )] (3.6)
=(1=8)1Sx, = pll+5B8," |l p—Sx, ||
=[-8 1-6)]ISx, - p|
Substituting (3.6) in (3.5), we have
18%,., —plI<[1-a,(A-8)][1-5,(1-5)]
[1-8;1=)[1-5,(1-5)]
=47 A=0-B7 A= 0| Sx, - p |
<fl-a,d-9)]|Sx, - pll (3.7)

<[0-at,(-6)111 55 - p|

< ef(lfa‘)z/:0 a;

I1Sx, = pll
Since 0 <d < 1, a,€[0,1) andZ:’:oan:oo,so
67(175)210% ,0as n>w

Thus lim, . || S, ~p[i=0

Therefore, {Sx,},_, converges strongly to p.

Next we show that p is unique. Suppose there exists
another point of coincidence p’. Then there is anz" € X
such that 7z = Sz =p . Hence, using (2.14) we have

lz—2" = Tz -T2 |

<TS]Sz =82 (| +¢(Il Sz~ Tz )]

=dllz-2"||

Since 0 < 1, then z =z and so p is unique.

Since S,T are weakly compatible, then 7Sz = S7z and
so Tp = Sp. Hence p is a coincidence point of S,7 and
since the coincidence point is unique, then p =z and hence
Sp = Tp = p and therefore p is the unique common fixed
point of S,7. This ends the proof.

Theorem 3.1 leads to the following Corollaries:

Corollary 3.2. Let X be a Banach space and S,T:
Y—> X for an arbitrary set Y such that (2.14) holds and
T(Y)c S(Y). Assume S and 7 have a coincidence point
z such that 7z = Sz = p. For anyx, €Y, the Jungck-SP
iterative process (2.7) {Sx,},-, converges strongly to p.

Further, if Y = X and S,7 commute at p (i.e. S and T are
weakly compatible), then p is the unique common fixed
point of S,7.

Corollary 3.3. Let X be a Banach space and S,7:
Y—> X for an arbitrary set Y such that (2.14) holds and
T(Y)= S(Y). Assume S and T have a coincidence point z
such that 7z = Sz = p. For any x, € Y, the Jungck-Mann
iterative process (2.3) {5x,},.1 converges strongly to p.



Further, if ¥ = X and S,7 commute at p (i.e. Sand T
are weakly compatible), then p is the unique common
fixed point of S,7.

Remark 3.4. Weaker versions of Theorem 3.1 are the
convergence results in Chugh and Kumar (2011) where
S is assumed injective and the convergence is not to the
common fixed point but to the coincidence point of S,T.
Furthermore, the Jungck-multistep-SP iteration used in
Theorem 3.1 is more general than the Jungck-SP used in
Chugh and Kumar (2011).

STABILITY OF JUNGCK-MULTISTEP-SP
ITERATIONS IN A BANACH SPACE

In this section, some stability results for the Jungck-
multistep-SP iterative processes defined by (2.15) are
established for generalized contractive-like inequality
operators defined by (2.14). The stabilities of Jungck-SP
and Jungck-Mann iterative processes follow as corollaries.
The theorem is stated thus:

Theorem 4.1. Let X be a Banach space and S,T:
Y—> X for an arbitrary set Y such that (2.14) holds and
T(Y)c S(Y).Forany x, €Y and 0 <o < 1, let {Sx,},_,
be the Jungck-multistep-SP iterative process defined by
(2.15) converging to p (that is Sp=Tp=p) with 0 <a < a,,
0<p <f, fori=12,..,k—-1 and all n. Then the Jungck-
multistep-SP iterative process defined by (2.15) is (S,7)-
stable.

Proof. Let {Sy,}7, Y, {Sul}.,, for i=1,2,..k—1 be
real sequences in Y.

Lets, =|| Sy,., —(1—a,)Su! —a,Tu! ||, n=0,1,2,...,

where

Su', =1 =p)Su,"+ p Tu"", i=12,..k=2,

Su, =1 = NSy, + B Ty,, i=1,2,..k=2 and let
lim,_, ¢, =0.

Then, we shall prove that lim, Sy, = p using the
generalized contractive-like inequality operators satisfying
condition (2.14).

That is,

15,0 = PN Sy, = A=) Su, =, Tu, |

+|(1-a,)Su, +a,Tu, -(1-a,+a,)p||
<g, +(-a,)| Su, - pl+a, || Tu, - pll
=¢ +(-a)||Su' —p|+a, ||Tz—Tu
,(1-a,)|l : rli+a,ll o @
<e, +(1-a,)||Su,—pl|
+a,e" IS || Sz Su, || +¢(| Sz =Tz )]
=g, +(1-a,) | Su, —p||+5| p—Su, ||
=[l-a,(1-6) || Su, - pll+s,
Using (2.15) and (2.14), we have the following
estimates,
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1 Su, = pli< =B Suy = p |+, | Tu, - pl
=(1=B)ISu; = pll+p; | Tz=Tu, |
<= Su; = pl

+f,e ST S || Sz Suy || +4(| Sz~ Tz )] (42
==Y | Sul = p|+5] p— S|
=[1-f.(1-8) || Su® - p||
An application of (2.15) and (2.14) also give
| Su, = p IS A=) Suy = pll+p; || Tz=Tu, |
(A=) Su, - pll
+7e" TS || Sz = Suy || +¢(| Sz =Tz (D] (4.3)

=(1=B) || Suy~ plI+B, || p~Su, |
—[1- A=) S~ p|
Similarly, an application of (2.15) and (2.14) give
1 Su, = plI< (A= B Su, = p |+, 1| T2 = Tuy |
<(1=B)1Su, - pll
+f,e" 5 || Sz~ Suy || +4(| Sz~ Tz )]
== Su! = p 4B | p—Su |
=[1- A=) Su’ - p]|
An application of (2.15) and (2.14) also give
[1Su, = plI< =B 1S, = pIl+8,7 | Tz=Tu, ™ |
<A=-B7)Su " = pl
+B, 7S || Sz - Su, " || +4(| Sz Tz |1 (4.5)
=(1=B)1Su," = pll+6B,7 || p—Su,™ |
=[-8, =0)Su" - p]|
Combining (4.1), (4.2), (4.3) (4.4) and (4.5), we have
18V, = PlIS1=a, (A=)~ B,(1-5)]
(-8 1=~ p,(1-5)]
=B A=0) Su, ™~ pl e,
An application of (2.15) and (2.14) also give
18w, = plI< =B, )ISy, = pIl+B8, " 1 T2=Ty, ||
<A=-BH1Sy, - pll
+f, e[S || Sz - Sy, 1 +4(| Sz =Tz D] (4.7)
=(1=BDSy, —plI+3B, " | p= Sy, |
=[1-5," 1= Sy, - |
Substituting (4.7) in (4.6), we have
18V, = PIIE1=a,(1-8)][1-B,(1-5)]
[1-8;1-8)[1-p,(1-5)]
=700 - 87 A=01 Sy, - pli+e,
Using 0<a <ea, and 6 €[0,1), we have
[1-a,d-8)1-4,0-6)I1-4;(1-5)1-B1-5)]..
[(1-41-81- 8" (1-6)]<1.
Using Lemma (2.11), (4.8) yields lim, ,_ Sy,,, = p.

Conversely, letlim,  Sy,=p, we show that
lim, &, =0 as follows:

n—o“n

(4.4)

(4.6)

(4.8)
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&, = 8, —(-a,)Su, —a,Tu, |
Sy, -rll+IlA-a,+a,)p-(1-a,)Su,—a,Tu,|

Sy, —plI+A=a,) || Su, - pll+e, [ Tz=Tu, | (4.9)

Sy, —plI+1-a,) | Su, - p || +da, || p—Su, |

=Sy, —pll+H1-a,d=8)] Su, —p|
However,

|| Su, = plI<[1=B,(A= 1= B A-][1-B,(1-5)] 4
A=A A=80- B =001 Sy, - p |

Substituting (4.10) in (4.9), we have

g, <[1-a,d=0)1-B,A-1- B, (1=~ F,1-5)]
A== =B A= Sy, — P+ 1S, — Pl
(4.11)

Sincelim, || Sy, —p|=0(by our assumption), it
follows that lim, ¢, =0.

Therefore the Jungck-multistep-SP iterative scheme
(2.15) is S, T-stable.

Theorem 4.1 yields the following corollaries:

Corollary 4.2. Let X be a Banach space and
S,T:Y —> X for an arbitrary set Y such that (2.14) holds
and T(Y)c S(Y). For any x,€Y and 0<d<]1, let
{Sx,}._, be the Jungck-SP iterative process defined by (2.7)
converging to p (that is Sp=Tp=p) with 0<a <a, and
all n. Then the Jungck-SP iterative process defined by (2.7)
is (S,7)-stable.

Corollary 4.3. Let X be a Banach space and
S,T:Y - X for an arbitrary set Y such that (2.14) holds
and 7(Y)=S(Y). For any x,eY and 0<o<l, let
{Sx,}._, be the Jungck-Mann iterative process defined by
(2.3) converging to p (thatis Sp=Tp=p) with O<a<e,
and all n. Then the Jungck-Mann iterative process defined
by (2.3) is (S,7)-stable.

Remark 4.4. Weaker versions of Theorem 4.1 are the
the stability results in Chugh and Kumar (2011) where S
is assumed injective and the stability result is not to the
common fixed point but to the coincidence point of S,T.
Furthermore, the Jungck-multistep-SP iteration used in
Theorem 4.1 is more general than the Jungck-SP used in
Chugh and Kumar (2011).

10)

ACKNOWLEDGMENT

The author is thankful to Prof. J. O. Olaleru for his useful
comments/suggestions leading to the improvement of this
paper and for supervising his Ph.D Thesis.

REFERENCES

[1] Abbas, M., & Jungck, G. (2008). Common Fixed Point
Results for Noncommuting Mappings Without Continuity in
Cone Metric Spaces. J. Math. Anal. Appl., 341, 416-420.

Copyright © Canadian Research & Development Center of Sciences and Cultures

[2] Berinde, V. (2004). On the Convergence of Ishikawa Iteration
in the Class of Quasicontractive Operators. Acta Math. Univ.
Comenianae, LXXIII(1), 119-126.

[3] Bosede, A.O. (2010). Strong Convergence Results for the
Jungck-Ishikawa and Jungck-Mann Iteration Processes.
Bulletin Math. Anal. Appl., 2(3), 65-73.

[4] Bhagwati, P., & Ritu, S. (2011). Weak Stability Results for
Jungck-Ishikawa Iteration. Inter. J. Comp. Appl., 16(4).

[5] Chugh, R., & Kumar, V. (2011). Strong Convergence and
Stability Results for Jungck-SP Iterative Scheme. Inter. J.
Comp. Appl. (0975-8887), 36(12).

[6] Chatterjea, S.K. (1972). Fixed Point Theorems. Comptes
rendus de ’Academic bulgare des Sciences, 25(6), 727-730.

[7] Das, K.M., & Naik, K.V. (1979). Common Fixed Point
Theorems for Commuting Maps on Metric Spaces. Proc.
Amer. Math. Soc., 77, 369-373.

[8] Ishikawa, S. (1974). Fixed Points by a New Iteration Method.
Proc. Amer. Math. Soc., 149, 147-150.

[9] Jungck, G. (1976). Commuting Mappings and Fixed Points,
Amer. Math. Monthly, 83,261-263.

[10] Kannan, R. (1969). Some Results on Fixed Points II. Amer:
Math. Monthly, 76, 405-408.

[11] Mann, W.R. (1953). Mean Value Methods in Iteration. Proc.
Amer. Math. Soc., 4, 506-510.

[12] Noor, M.A. (2000). New Approximation Schemes for
General Variational Inequalities. Journal of Mathematical
Analysis and Applications, 251(1), 217-229.

[13] Olaleru, J.O. (2006). On the Convergence of the Mann
Iteration in Locally Convex Spaces. Carpathian Journal of
Mathematics, 22(1-2), 115-120.

[14] Olaleru, J.O. (2007). On the Equivalence of Picard, Mann
and Ishikawa Iterations for a Class of Quasi-Contractive
Operators. J. Nig. Assoc. Math. Phys., 11, 51-56.

[15] Olaleru, J.O., & Akewe, H. (2010). The Convergence of
Jungck-Type Iterative Schemes for Generalized Contractive-
Like Operators. Fasciculi Mathematici, (45), 87-98.

[16] Olatinwo, M.O., & Imoru, C.O. (2008). Some Convergence
Results for the Jungck-Mann and Jungck-Ishikawa Iteration
Process in the Class of Generalized Zamfirescu Operators.
Acta Math. Univ. Comenianae, 77(2), 299-304

[17] Olatinwo, M.O. (2008). Some Stability and Strong
Convergence Results for the Jungck-Ishikawa Iteration
Process. Creative Math. and Info., 17, 33-42.

[18] Olatinwo, M.O. (2008). A Generalization of Some
Convergence Results Using the Jungck-Noor Three Step
Iteration Process in Arbitrary Banach Space. Fasciculi
Mathematici, 40, 37-43.

[19] Osilike, M.O. (1995). Stability Results for Ishikawa Fixed
Point Iteration Procedure. /ndian J. Pure Appl. Math.,
26(10), 937-941.

[20] Rafig, A. (2006). On the Equivalence of Mann and Ishikawa
Iteration Methods with Errors. Math. Comm., 11, 143-152.

[21] Rhoades, B.E. (1976). Comments on Two Fixed Points
Iteration Methods. J. Math. Anal.Appl., 56(2), 741-750.



[22] Rhoades, B.E. & Soltuz, S.M. (2004). The Equivalence
Between Mann-Ishikawa Iterations and Multi-Step Iteration.
Nonlinear Anal., 58,219-228.

[23] Popescu, O. (2007). Picard Iteration Converges Faster Than
Mann Iteration for a Class of Quasi-Contractive Operators.
Math. Comm., 12, 195-202.

[24] Singh, S.L. (1977). On Common Fixed Points of
Commuting Maps. Math. Sem. Notes Kobe Univ., 5, 131-
134.

27

Hudson Akewe (2012).
Advances in Natural Science, 5(3), 21-27

[25] Singh, S.L., Bhatnagar, C.S. & Mishra, N. (2005). Stability
of Jungck-type Iterative Procedures. International J. Math.
and Math. Sc., 19, 3035-3043.

[26] Zhiqun, X. (2007). Remarks of Equivalence Among
Picard,Mann and Ishikawa Iterations in Normed Space.
Fixed Point Theory and Applications, (2007), 5pp.

[27] Zamfirescu, T. (1972). Fixed Point Theorems in Metric
Spaces. Arch. Math. (Basel), 23, 292-298.

Copyright © Canadian Research & Development Center of Sciences and Cultures



